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This paper presents a continuous-time model of sovereign debt. In it, a relatively
impatient sovereign government’s hidden type switches back and forth between a com-
mitment type, which cannot default, and an opportunistic type, which can, and where
we assume outside lenders have particular beliefs regarding how a commitment type
should borrow for any given level of debt and bond price. In any Markov equilibrium,
the opportunistic type mimics the commitment type when borrowing, revealing its type
only by defaulting on its debt at random times. The equilibrium features a “graduation
date”: a finite amount of time since the last default, after which time reputation reaches
its highest level and is unaffected by not defaulting. Before such date, not defaulting
always increases the country’s reputation. For countries that have recently defaulted,
bond prices and the total amount of debt are increasing functions of the amount of
time since the country’s last default. For countries that have not recently defaulted
(i.e., those that have graduated), bond prices are constant.

KEYWORDS: Sovereign debt, debt default, government reputation.

1. INTRODUCTION

THIS PAPER PRESENTS a continuous-time model of sovereign debt where a sovereign gov-
ernment’s reputation evolves over time. In the model, a relatively impatient sovereign
government’s hidden type exogenously switches back and forth between a commitment
type, which cannot default, and an opportunistic type, which can default on the coun-
try’s debt at any time. We consider the government’s reputation at any time to be the
international lending markets’ Bayesian posterior that the country’s government is the
commitment (or trustworthy) type.

We show that such a model helps to explain several important characteristics of actual
sovereign debt. First, some countries are considered “serial defaulters.” In particular,
countries that have recently defaulted are considered more likely to default again and
pay correspondingly higher interest rates on their debt. In a large historical analysis of
sovereign bond returns in the last two centuries, Meyer, Reinhart, and Trebesch (2019)
confirm that default history matters for sovereign bond prices.!

Second, countries that have recently defaulted can sustain much less debt relative to
their gross domestic product (GDP) than countries that have not recently defaulted—
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a phenomenon referred to as “debt intolerance.” Third, some countries do eventually
“graduate” into the set of “debt-tolerant” or relatively trusted countries, but only af-
ter decades of good behavior. For example, several European economies defaulted fre-
quently during their history before eventually graduating from recurrent external defaults
in the 20th century. Reinhart, Rogoff, and Savastano (2003) first coined the term debt in-
tolerance, and discuss the history of serial defaulters and graduation.?

Finally, default events and variations in interest rate spreads are weakly associated with
fundamentals such as debt and output ratios; they cannot be precisely predicted.’> Our
model captures each of these characteristics.

We present a Markov equilibrium for our model where a borrower country’s debt and
the price of its bonds are both strictly increasing functions of the amount of time since its
last default (and a country can issue new bonds immediately after a default, albeit at high
interest rates). In fact, the highest-priced bonds are those issued by the countries with the
most debt (the countries that have experienced the longest amount of time since a de-
fault).* This occurs because, from the perspective of a lender, the probability of default is
a strictly decreasing function of the amount of time since the last default. Thus, our equi-
librium displays both debt intolerance (high interest rates paid by countries with low debt
levels) and serial default (a relatively high probability of default by countries that have
recently defaulted). Finally, our equilibrium features a “graduation date”—an amount of
time since the last default 7 such that if a government goes 7" amount of time without
defaulting, foreign lenders become certain it is the commitment type (and offer the low-
est interest rate on its debt). At this point, the reputation of the country and the price
of its bonds never change as long as default does not occur. This conceptualization of a
graduation date, or the point at which a country joins the set of debt-tolerant or trusted
countries, we believe is novel to this paper.

Games where informed players (in our case, a government who knows its type) have
rich action spaces are notoriously difficult to characterize. We make progress by initially
making the default decision of the opportunistic type the only strategic choice. That is, we
assume foreign lenders have particular beliefs regarding how a commitment type should
borrow for any given level of debt and bond price (and believe that the government must
be the opportunistic type if it deviates from this borrowing behavior). Given this assump-
tion, the commitment type plays a passive role, following its expected behavior. (In a later
section, we relax this assumption and allow debt issuance to be a strategic choice of both
types.)

The opportunistic type, on the other hand, faces at all times the strategic decision of
whether to mimic the commitment type or default, which we model as wiping out all of
its existing debt. The benefit of defaulting is, of course, that the country makes no further

2Their main point is that indeed “a country’s record of meeting its debt obligations [...] in the past is
relevant to forecasting its ability to sustain moderate to high levels of indebtedness.” They show that “safe”
thresholds of debt for serial defaulters are low, especially when compared to advanced economies and emerg-
ing markets with no history of default. In addition, they show that graduation is rare, and highlighted, in 2003,
Greece, Portugal, Malaysia, Thailand, and Chile as potentially recent graduates, although Greece eventually
did default. In more recent work, Qian, Reinhart, and Rogoff (2011) emphasize that “graduation from recur-
ring sovereign external debt crises is a very tortuous process that sometimes takes a century or more.” They
show that 20 years without a default is an important marker, as two-thirds of recurrent sovereign default have
occurred within that window. But 50 years or more is necessary to “meaningfully speak of graduation.”

3See Tomz and Wright (2007) and Aguiar and Amador (2014). This fact has led some researchers to postu-
late the need for self-fulfilling debt crisis as a necessary ingredient in models of sovereign debt, as in Aguiar,
Chatterjee, Cole, and Stangebye (2016).

4 A relevant example of this would be Japan.
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coupon payments on its debt. The cost is that outside lenders, at the time of default,
become certain the country is the opportunistic type. Unlike much of the quantitative
sovereign debt literature, we assume no direct costs of default.’

We first show for any particular specification of outside lender expectations regarding
how a commitment type should act, how to solve for a Markov equilibrium as the solution
to an ordinary differential equation. We next show that as long as these expectations are in
areasonable class (namely, the country increases its debt by less if it already has high debt,
borrows more if it faces better bond prices, and borrows a strictly positive amount if it has
no debt and a good enough bond price), all such equilibria look qualitatively identical—the
exact specification of lender expectations does not qualitatively matter.

We show that in our Markov equilibrium, for an endogenous finite period of time 7" af-
ter a default, an opportunistic government sets a positive but finite hazard rate of default-
ing which depends only on how much time has occurred since the last default. Further,
as this amount of time since the last default approaches 7, this arrival rate of default,
conditional on the government being the opportunistic type, approaches infinity (certain im-
mediate default).

Nevertheless, from the perspective of a foreign lender, the probability of default is
decreasing in the amount of time since the last default. This happens because although
an opportunistic government is more likely to default the longer it has been since the last
default, whether the country’s government actually is the opportunistic type is less likely
the longer it has been since a default, and this latter effect dominates. This implies that
if the amount of time since the last default is positive but less than 7', the country has an
interior reputation that increases over time but after 7 is certainly the commitment type.

A country’s reputation increases in the amount of time since its last default because the
commitment type defaults with zero probability and the opportunistic type defaults not
only with positive probability but with a probability high enough to counter any drift in
reputation due to exogenous type switching.

But this mixing imposes strict requirements on the path of play. In particular, we show
that this willingness to mix implies that the opportunistic types must receive constant net
payments from foreign lenders. We show that the opportunistic types never, on net, repay
(instead making coupon payments by issuing new debt). But that foreign lenders always
break even in expectation then implies that future commitment types must be the ones
paying back the debt. That is, in equilibrium, opportunistic types extract constant rents
from future commitment types. Only a commitment type will run a trade surplus or a
trade deficit smaller than the one extracted in equilibrium by the opportunistic type. In
fact, opportunistic types default with probability 1 once they cannot extract this constant
rent. They do not wait for the trade deficit to actually become negative before defaulting.®

These characterizations are derived assuming the borrower country starts the game
with zero debt and zero reputation (outside lenders are convinced it is the opportunis-
tic type). This is the relevant subgame after the first default. In this subgame there is, in
equilibrium, a specific debt level associated with each reputation, which we call the coun-
try’s appropriate debt level. We next consider starting the game with arbitrary values of

5The presence of the commitment type allows us to avoid the Bulow and Rogoff (1989) result of no debt in
equilibrium absent direct default costs. For an alternative analysis of reputation, based on trigger strategies,
see Kletzer and Wright (2000) and Wright (2002).

°In a recent paper, Aguiar, Chatterjee, Cole, and Stangebye (2017) exploit equilibrium mixing, where the
government is indifferent between default or not, to generate dynamics of debt and spreads that more closely
match the data, improving the fit of the benchmark quantitative Eaton and Gersovitz (1981) sovereign debt
model.
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reputation and debt. We show that if the country’s debt is above the level appropriate
for its initial reputation, the equilibrium calls for immediate probabilistic default. If the
country defaults, the game reverts to the subgame with zero debt and zero reputation. If
the country does not default, its debt stays the same, but the country’s reputation (from
the fact that it did not default when it was supposed to with positive probability) jumps
to its appropriate level. Next, we show that if the country’s debt starts below its appropri-
ate level, the equilibrium calls for the opportunistic government to set the probability of
default to zero for a finite amount of time until its reputation and debt converge to the
appropriate levels.

The model in this paper shares several features with the taxation paper of Phelan (2006)
(which itself builds on the reputation papers of Barro (1986), Kreps and Wilson (1982),
and Milgrom and Roberts (1982)). In that paper, a government can be either a commit-
ment type, which must tax output at a low rate, or an opportunistic type, which taxes
either the low rate or confiscates all output, with exogenous hidden type switches as in the
model presented here. Like this paper, the opportunistic type mixes for some time and
then separates from the commitment type in the Markov equilibrium. Apart from these
two characteristics, however, the implications of the two models differ. In this paper, we
explicitly model the relation between debt, a payoff-relevant state variable, and reputa-
tion, and our characterization relies heavily on the specific features of debt contracts.
Contrary to taxing, selling debt has an explicit time dimension: it is always an ex post bad
thing. This time dimension then drives our predictions for the paths of interest rates, debt
levels, and default properties not present in earlier work. One striking difference is that in
this paper, except for before the first default or off the equilibrium path, there is no value
to a good reputation: the government’s reputation affects government borrowing and the
price of its debt, but not its continuation value.’

The models of Cole, Dow, and English (1995), Alfaro and Kanczuk (2005), and
D’Erasmo (2011) also feature alternating government types in a sovereign debt context.
In Cole, Dow, and English (1995) and Alfaro and Kanczuk (2005), “good” governments
try to differentiate themselves from “bad” governments (those that always default).® In
Cole, Dow, and English (1995), a good government signals its type by settling previously
defaulted debt. In Alfaro and Kanczuk (2005), a good government signals its type by not
defaulting. In our environment, the focus is instead on the opportunistic government’s be-
havior and its decision to default or not. In addition, in both of these papers, the authors
focus on the dynamics of beliefs (while the debt level remains constant). A contribution
of our paper is to show that the level of debt and a country’s reputation are linked in equi-
librium. Our paper also differs from D’Erasmo (2011) in that we impose no exogenous
cost of default and are able to provide a complete characterization of the equilibrium. In
complementary work, Egorov and Fabinger (2016) share our objectives of studying rep-
utation, graduation, and debt and interest rate dynamics, and do so in a model where an
unchanging government has private information about the realizations of a default cost
process. Chatterjee, Corbae, Dempsey, and Rios-Rull (2020) study related questions but

"Other recent models on reputation building include the discrete time models of Liu (2011) and Liu and
Skrzypacz (2014), and the continuous-time models of Faingold and Sannikov (2011), Board and Meyer ter
Vehn (2013), and Marinovic, Skrzypacz, and Varas (2018).

8There is a large literature on quantitative sovereign debt models based on the incomplete markets frame-
work of Eaton and Gersovitz (1981). This literature started with Aguiar and Gopinath (2006) and Arellano
(2008), and (mostly) focuses on the business cycle patterns of spreads and default. See Aguiar and Amador
(2014) for a review.
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in the context of consumer credit scores where the consumer’s patience is private informa-
tion. Dovis (2019) studies a model where the government has private information about
the realizations of a productivity parameter, and shows that such a model can rationalize
periods of exclusion after default.’

Section 2 presents our model, where we initially focus on the particular starting con-
ditions of both debt and reputation having zero values. In Sections 3 and 4, we define,
construct, and prove the existence of a Markov equilibrium of this game. In Section 5, we
present a computed example. In Section 6, we show that the characteristics of the equilib-
rium derived in Section 4 hold for all Markov equilibria where the commitment type fol-
lows an expectation rule. In Section 7, we relax the assumption that the game starts with
zero debt and zero reputation, and characterize play of the game for all initial starting
conditions for debt and reputation. In Section 8, we allow debt issuances to be a strate-
gic choice for both types. We first show, subject to a reasonable condition, that Markov
equilibria where governments reveal their types through debt issuances do not exist in our
framework. We then use our results from Section 7 to show that the opportunistic type
will choose to reveal its type only by defaulting (and otherwise mimic the commitment
type) and that the commitment type will follow the expectational rule if it is sufficiently
impatient. That is, we show that our pooling equilibrium is indeed an equilibrium (with
sufficient impatience for the commitment type) in that we check the incentives over all
deviations as opposed to just those associated with default. Section 9 concludes. Appen-
dices (herein and in the Supplemental Material (Amador and Phelan (2021))) collect the
proofs.

2. THE ENVIRONMENT

Time is continuous and infinite. There is a small open economy whose government is
endowed with a constant flow y of a consumption good. There is a countable list of po-
tential governments of the small open economy, with alternating types. With probability
po, the first government on the list is the commitment type, and with probability (1 — py),
the first government on the list is the opportunistic type. The list then alternates between
types. At any date ¢ > 0, only one of the potential governments is in charge. With Pois-
son arrival rate €, an opportunistic type government is replaced by the next government
on the list (a commitment type). With arrival rate §, a commitment type government is
replaced by an opportunistic type. Such switches are private to the government. (We see
such switches as private changes in the preferences of leaders or unobservable changes
in the relative influence of different constituencies.) We assume international financial
markets are populated by a continuum of risk-neutral investors, who discount the future
atrate i > 0.

The economy has, at any time ¢, an amount b(¢) of outstanding debt held by these
risk-neutral investors. The bonds are of long duration and have a coupon that decays
exponentially at rate A, an exogenous parameter controlling the maturity of the bonds.
Without loss of generality, we set the coupon ¢ units of time from issuance to (i + A)e
to ensure that in equilibrium, the price of a bond is one if default cannot occur.!

9See also Paluszynski (2017) for an analysis of how introducing learning about fundamental shocks improves
the performance of the standard sovereign debt model during the European debt crisis. Other papers that deal
with the effects of private information in investment, restructuring, debt sustainability, and maturity structure
are Sandleris (2008), Bai and Zhang (2012), Phan (2017), and Perez (2017).

0This timing is the limit, as the distance between clock ticks goes to zero, of a discrete time game where

clock ticks occur at times ¢ € {0, A, 2A, ...} and type switches occur between clock ticks. Here, we assume a
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Initially, we assume that at time ¢ = 0 there is no debt, b, = 0, and the government
is known to be the opportunistic type, that is, po = 0. We will later consider the case
where initial debt and initial reputation are not each set to zero. As time progresses, the
government’s debt, its reputation, and the price of its bonds will evolve as well.

2.1. Strategies

By assumption, a commitment type never defaults on its debts and will make any
coupon payments that are due as long as it is in power. An opportunistic type, however,
can default. Once a default occurs, we assume that the current bond holders get no addi-
tional payments, and the stock of outstanding debt is set to zero. By defaulting, however,
an opportunistic government reveals its type and thus sets its reputation p (its probability
of being the commitment type) to zero."

We further assume that the strategies are Markov: that continuation strategies are only
a function of the level of debt b(¢) and the reputation p(#). But then note that since
both b(t) and p(t) are reset to zero (their initial values) upon default, making contin-
uation strategies contingent only on b(¢) and p(t#) is the same as making continuation
strategies contingent only on the amount of time since the last default (which we label 7)
since b(¢) and p(t) would themselves depend only on the amount of time since the last
default. Essentially, the assumptions that by, = pp = 0 and Markov strategies, along with
only opportunistic types being able to default, ensure that default restarts the game. Thus,
as long as we are assuming by = py = 0, we make strategies not a function of history or
of debt or reputation, but simply a function of the time since the last default, 7. (In Sec-
tion 7, where we relax the assumption that b, = p, = 0, the state variables become (b, p)
explicitly again.)

For the commitment type, we assume that as long as it is in control, it follows a pre-
specified expenditure rule determined by the expectations of international financial mar-
kets of how a commitment type should act. That is, as long as the commitment type is in
control, the stock of debt evolves according to

b'(1) = H(b(r), q(7)) M

for some exogenous function H, where g(7) represents the price of a bond 7 periods
after the last default.'> We will later find conditions on the payoffs for the commitment

bond is a promise to pay a stream {(i + MA, (i + MDA = M), (i + VA — AN, .. ) starting in A units of
time. Just before each clock tick, if the government is the opportunistic type, it switches to the commitment
type with probability €A, and if it is the commitment type, it switches to the opportunistic type with probability
8A, where A < min{1/e, 1/8, 1/A} to ensure valid switching probabilities and positive coupon payments.

UThis is the limit as A — 0 of a discrete time timing where after a clock tick, first debt is issued and coupon
payments are made, then a default occurs or not, and then a type switch occurs or not. Thus if a default occurs,
the government has reputation eA at the beginning of the next period.

2Fiscal rules that are functions of the inherited stock of debt are widely used in the debt sustainability
literature; see Lorenzoni and Werning (2019). Such rules are usually stated without allowing for a feedback
from the interest rate. For countries that suffer from sovereign debt crisis episodes and volatile interest rate
spreads, it seems natural to allow that the fiscal reaction rule be also affected by the interest rate. For example,
in recent work, Gourinchas, Philippon, and Vayanos (2017), while studying the Greek debt crisis, assume the
government follows a fiscal rule where government spending reacts negatively to both the debt level and the
interest rate. See also Martin and Philippon (2017) for a multicountry analysis of the European debt crisis with
a similar fiscal rule.
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type and expectations of outside lenders such that the commitment type finds it optimal
to follow H.

It follows from the sequential budget constraint that c(7) =y — (i + AM)b(7) +
q(1t)(b' (1) + Ab(7)), and thus consumption for the commitment type is determined by
c(t) = C(b(7), q(7)), where the function C is given by

Cb,q)=y— (i+Mb+q(H(b,q)+ Ab).

We restrict attention to debt levels that remain bounded by a finite positive constant B.
We require that B < y/(i + A) to guarantee that positive consumption is always feasible
at any price."* We further impose the following further conditions on H (b, q) (and, thus,
implicitly, C(b, q)).

ASSUMPTION 1: Let X = [0, B] x [0, 1]. The function H : X — R satisfies the following
restrictions: (i) H is Lipschitz continuous; (it) H is weakly decreasing in b; (iii) H is weakly
increasing in q; (iv) there exists g€ —A_y quch that H(0, q) =0 for all q € [0, ql and

> it A+dte
H(0,q)>0forall g € (q, 11; (v) H(B,1) <0; (vi) H is differentiable in the set of (b, q) € X
such that H(b, q) > 0.

Restriction (i) is used to guarantee the existence and uniqueness of solution to the
differential equation (1). Restrictions (ii) and (iii) guarantee that the commitment type
increases its debt by more the higher the price and the lower the inherited debt stock.
Restriction (iv) is an impatience restriction. It guarantees that the commitment type is
expected to borrow when it has no debt and the interest rate equals i + 6 + € (Where i is
the world interest rate, and & and e are the arrival rates of the type switches). Restriction
(v) guarantees that for a fixed price, g € [0, 1], H (B, q) < 0 and the differential (1) has a
solution that stays within the set [0, B] given a fixed price. This is sufficient to guarantee
also that, for a fixed price, starting from any initial debt value, the solution converges to
a constant debt level, and convergence is monotone. The final restriction (vi) is used to
show the existence of an equilibrium.

The above assumption does not impose that H delivers a nonnegative consumption
C(b, q) for debt and price pairs in X. Such an explicit restriction could be added without
further impact in the arguments that follow. Assumption 1 also does not impose a bound
on how negative H can be, potentially allowing for bond buybacks. Later on in Section 8§,
we restrict attention to the case where the government cannot buy back its debts, and thus
new bond issuances are nonnegative, requiring the additional restriction that H (b, q) +
Ab > 0 for all (b, q) € X."* However, such restriction is not needed for all of the results
before Section 8.

For the opportunistic type, in addition to the Markov restriction, we impose for now
a restriction that it always chooses a level of borrowing (and thus consumption) that is
identical to that which would have been chosen by a commitment government facing the
same debt and price. With this restriction, the only decision left under the control of the
opportunistic government is whether to default. We will later show that this restriction is
without loss of generality: an opportunistic government will have no incentive to reveal

BIn particular, this rules out the possibility that the price is so low that the commitment type cannot feasibly
repay its debts. With this assumption, it is always feasible to pay the coupons of the debt, even at a zero price.

“Note that this allows for the stock of debt to decrease over time at a rate bounded by the decay parame-
ter A.
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itself by choosing a level of borrowing or consumption different from the commitment
government, without simultaneously defaulting on its debt.

Given this restriction, we assume that a strategy for an opportunistic government that
has just taken power in period 7 is a right-continuous and nondecreasing function F; :
R, — [0, 1], where 1 — F,(s) defines the probability that this government does not default
between period 7 and s > 7 inclusive, conditional on it remaining in power from 7 to s. We
denote by I, the set of such functions. We assume the function F,(7 + s) is measurable
with respect to (7, s) € Ri, and that for any finite K € R, the set {7 € [0, K)|F,(7) < 1} is
a finite union of intervals.””> We let I" denote the set of all such collections of functions.

This formulation allows both jumps and smooth decreases in the survival probability,
1 — F.. If F, jumps up at s > 7, this implies a strictly positive probability of defaulting at
exactly date s. When F, smoothly increases, the probability of defaulting at exactly date
s is zero. In this case, F/(s)/(1 — F,(s)) represents the hazard rate of default at that date
(where F/(s) represents the right derivative at s).

Our Markov restriction imposes that an opportunistic government that takes power in
period 7 follows a strategy that any previous opportunistic government would also follow
from period 7 onward if it were to remain in power up to period 7 without defaulting
(since both cases have the same debt and reputation). Define F,(m~) = lim,_, .- F,(n).
Then we can state the following definition.

DEFINITION 1: A Markov strategy profile for opportunistic governments is a collection
{F;}22, e I" for all 7, such that

1-F.(s)=(1—-F,(m"))(1=F,(s)) forall0<r<m=<s. (2)

The above restriction implies that the function F; is pinned down by F; for all s such
that Fy(s) < 1. That is, if there is a strictly positive probability that the opportunistic gov-
ernment at time 0 reaches time s without defaulting, then it is possible to use the con-
ditional probabilities inherent in F;, to determine F;. This, however, fails for s such that
Fy(s) =1, as in that case the opportunistic government at time 0 will not reach date s
without defaulting first, and thus conditional probabilities are not defined. However, it is
still necessary to define how an opportunistic government behaves at such dates, as there
is a positive probability that an opportunistic government is in power at such a date due
to two or more government type switches.

2.2. Payoffs

If the government does not default at period 7, it issues additional bonds H (b(7),
q(7)) + Ab(7) at endogenous price g(7) and its consumption is C(b(7), g(7)). If the gov-
ernment defaults, then the game starts over (7 is reset to zero) with by = 0. There are
no direct costs of choosing to default and no restrictions on government borrowing from
then on. In particular, it issues additional bonds H (0, g(0)) at endogenous price g(0) and
its consumption is C(0, g(0)).

The opportunistic type receives a flow payoff equal to u(c(7)) as long as it is continu-
ously in power, and discounts future payoffs at rate r > 0. We assume that u : R, — [u, u]
for some finite values u and u, and that u is strictly increasing. We make no other assump-
tions on the preferences of the opportunistic type. (A preview of our results is that our

5Thus, we do not consider strategies that call for infinite switches between default for certainty, F,(7) =1
and not within a finite interval of time. This is only used in the proof of Proposition 4.
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constructed Markov equilibrium is essentially independent of u and r. Other than more is
preferred to less, and now is preferred to later, the preferences of the opportunistic type
will not matter at all.)

2.3. Beliefs

As noted, p(7) represents the international market’s beliefs that the government at
period 7 is the commitment type after it has not defaulted 7 periods since the last default.
We assume p(7) is determined by Bayes’ rule. (If the government defaults at period T,
Bayesian updating implies p and thus 7 immediately jump to zero.)

By Bayes’ rule, the probability that the commitment type is in power 7 periods after the
last default is

__ probability of no default in [0, 7] and commitment type in power at 7

p(T) probability of no default in [0, 7]
As long as the probability of observing no default in [0, 7] is strictly positive, Bayes’ rule
pins down the market belief. Because the government type may switch in any positive
interval, the only case where the denominator in the above equation is zero is when the
opportunistic government defaults immediately at 7 = 0, that is, when Fy(0) =1 (a case
that we handle below). It is helpful to write the evolution of p recursively in the following
manner.

Consider first the case where F;(0) < 1. Recall that F,(7) is the probability that the
opportunistic government, conditional on being in power 7 periods since the last default,
defaults at exactly period 7. Let p(77) =lim,_,,- p(n) for 7 > 0 and p(0~) = 0. This rep-
resents the market belief an instant before the current default outcome.

If F.(1) >0, p jumps from p(77) to

p(17)
p(r)+(L=p(m))(1 = Fu()

Note this implies that if F,(7) =1 and p(77) > 0, then p jumps from p(77) to 1 at 7.
Further note this implies that if F,(7) =0, then p does not jump at 7 since p(7) = p(77).

If F,(7) =0, reputation p still moves, albeit continuously. First, even if the hazard rate
of default is zero (that is, F/(7) = 0), probabilistic type switches cause p to drift toward
€/(€ + 6) (its unconditional long-run mean). Second, if the hazard rate of default is posi-
tive (that is, F/(7) > 0), not experiencing default increases the drift in p, as not defaulting
is informative about the government type. Bayesian updating in this case implies that at
points of differentiability, '®

p' (1) = (1= p(m))e+ p(r)((1 — p(7))F.(7) - §). (4)

p(7)= 3)

16For small time interval A > 0 and a constant hazard rate of default F (7)),

p(7) +€A<1_ p(7) )
p(T)+ (1= p(D)(1— F.(T)A) p(1)+ (1 —p(M)(1-F.(m)A) )

To see this, assume that the government’s type stays constant on the interval [7, 7 + A) and switches at 7+ A
from the commitment type to the opportunistic type with conditional probability §A, and switches from the
opportunistic to the commitment type with conditional probability eA. The term p(7)/(p(7) + (1 — p(7))(1 —
F.(7)A)) is then the belief, conditional on no default between 7 and 7 + A, that the government is the com-
mitment type just before 7+ A. Thus, the first term is the probability the government was the commitment
type just before 7+ A and did not switch at 7 + A, and the second term is the probability the government

p(t+A)~(1-28A)
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Finally, consider the case where F;(0) = 1. As noted above, Bayes’ rule does not apply,
as the probability of not observing default at exactly date 0 is zero. In this case, we let p(0)
(the belief after no default is observed at date zero) be a free variable. Given this belief
p(0), equations (3) and (4) continue to hold and determine the evolution of beliefs at all
subsequent dates.

2.4. Prices

Let g(7) denote the price of the bond if there has not been a default for = periods
(not including no default at exactly date 7). Given the risk neutrality assumption on the
foreigners, the price solves

g(r)=p(r7)g" (1) + (1= p(77))q°(m), ®)

where ¢°(7) and ¢°(7) denote the price if there has not been a default for 7 periods (not
including exactly date 7), and the commitment type and opportunistic type are known to
be in power, respectively. These prices must lie in [0, 1] and solve the following recursion,
given a default strategy F, for the opportunistic type. First,

q(1) = / ( / (i + A)e VS g5 4 e~V go(r 4 s))Be‘“ ds. (6)
0 0

Here, the outer integral is the expectation over the first type switch. The variable s in the
outer integral represents the date of the first type switch from commitment to opportunis-
tic. The two terms in the parentheses calculate the value of the bond conditional on s. The
first term is the date 7 value of the coupon stream between 7 and 7 + 5. The second term
is the date 7 value of the remaining bond at date 7 + s conditional on a type switch to an
opportunistic government at that date.

Second,

0 0

+ f ( / (i D dA) dF,(r + 5)}(3“ ds. ()
0 0

Here, the outer integral is again the expectation over the first type switch. The terms in the
square brackets calculate, again, the value of the bond conditional on s. With probability
(1 — F,(7 + s)), default does not occur before date 7 + s starting from date 7, and the
terms in parentheses are similar to equation (6), but this time using ¢¢ instead of g°. The
last term handles the case where default occurs before the type switch. The outer integral
of this term is the expectation over the default date s, and the inner integral calculates the
value of the coupon payments up to that date.

Note that its integral form implies that ¢g°(7) is continuous (a result shown in the Sup-
plemental Material). Whether ¢°(7) is continuous or not depends on the strategy profile
{F:}.

was the opportunistic type just before 7 + A and did switch at 7 + A; the two ways the government can be the
commitment type at 7 4+ A. The derivative of this expression with respect to A evaluated at A = 0 is equation

4)-
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When F,(7) =0, the above implies that g(7) obeys the following differential equation
at points of differentiability:

[i+ A+ (1—p(M)F.(D]g()=>G+N)+ ¢(7) . (8)
—— ——
effective discount rate coupon capital gain

3. MARKOV EQUILIBRIA

We will focus attention on Markov equilibria where both government types follow the
debt accumulation rule H (b, ¢) (and later verify conditions such that each type wishes to
do so). The definition of a Markov equilibrium follows.

DEFINITION 2: A Markov equilibrium is a strategy profile for opportunistic governments
{F; )2, € I', together with debt, its price, and its reputation, (b, g, p), as functions of time
since last default, such that we have the following conditions.

Condition 1: Foreign investors break even in equilibrium. Price g and reputation p

satisfy (5) for some ¢°: Rt — [0, 1] and ¢° : R* — [0, 1] that solve equations (6) and
(7.
Condition 2: Market beliefs are rational. We have p : R — [0, 1]; equation (4) holds
forall 7> 0. For 7 > 0 and 7 =0, if F;,(0) < 1, equation (3) holds if F,(7) > 0.
Condition 3: Debt evolution and budget constraint. The level of debt, conditional on
no default, evolves according to the prespecified expenditure rule H,

b(t)= f H(b(s), q(s))ds, 9)
0

for all 7 > 0, and remains nonnegative and bounded, b(7) € [0, B].

Condition 4: Opportunistic type optimizes. For all times since the last default 7 > 0, the
opportunistic government’s continuation strategy F, maximizes its forward looking
payoff taking the path of b and g as given. That is, {F,}°°, solves the collection of
optimal control problems (indexed by 7)

V()= sup / ) ( / e" Iy (C(b(s), q(s))) ds + e<’+f><’T>V(0)> dF,(1).
0 T

Frel's

Condition 5: Markov refinement. The profile {F.,}2, satisfies the conditions in Defini-
tion 1.

To clarify, Condition 4 does not allow for any “commitment” to future strategies by the
opportunistic type, as each opportunistic government takes as given the future paths of
prices and debt. That is, altering future default probabilities does not feed into the prices
that the date = government faces. The connection between default probabilities and prices
is imposed through different equilibrium conditions (in this case, Conditions 1 and 2).

4. A MARKOV EQUILIBRIUM: CONSTRUCTION AND EXISTENCE

In this section, we construct a Markov equilibrium as a solution to an ordinary differ-
ential equation. In the next section, we show that any Markov equilibrium must also solve
this construction.
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The main idea for the equilibrium construction is to conjecture that there exists a finite
time since the last default, 7', such that before 7', an opportunistic government sets a
strictly positive but finite hazard rate of default (that is, F,(7) =0 and F/(7) > 0 for
7 < T), and consumes at a constant level ¢* > y. After and including time 7, it defaults
immediately and, thus, the reputation of surviving after 7 is at its maximum, p = 1. (Our
continuous time setup implies that if an opportunistic type defaults, it consumes c(0) = c*
immediately.)

This formulation (constant consumption while default is less than certain) guarantees a
constant continuation value for the opportunistic type, which keeps this government type
indifferent between defaulting or not. We later show such indifference is necessary for
equilibrium.

First, let Q(b, ¢) denote the price which causes a commitment type with debt b to set
its consumption to c. That is, Q(b, c) is such that C(b, Q(b, c¢)) = c for c € (y, ¢), where
¢ = C(0,1). Assumption 1 guarantees that there is a unique such function Q defined on
[0, b(c)] x (y, ) (where b(c) is such that C(b(c), 1) = c¢). Assumption 1 also guarantees
that Q(b, c) is strictly increasing in b and c, reflecting the fact that to maintain a level of
consumption higher than y, the bond price must be higher at a higher debt level (as the
government must be generating positive revenue from new issuances to sustain ¢ > y),
and that a higher consumption requires a higher bond price, given a debt level. Note this
implies that Q(b, c) € (¢q,1] for c € (y,¢) and b € [0, b(c)). Assumption 1 also implies
that Q is differentiable in both arguments for ¢ > y (a result shown in Lemma 4 in the
Appendix).

We let g = H’ﬁ =, which is the bond price consistent with a constant arrival rate of de-
fault equal to 6. As we will see, ¢ is the highest possible equilibrium price, and that from
Assumption 1, g > g.

Construction of (b(1), q(7), p(7)) for r < T. For consumption to be constant, paths of
bond prices g(7) and debt levels, b(7), must solve C(b(1), g(7)) = c* for ¢* € [0, ¢], and,
thus, g(1) = Q(b(1), c*).

Consider then a solution to the autonomous first order differential equation

b'(r) =H(b(r), Q(b(7), ")), (10)

with initial condition b(0) = 0. The debt level b(7) strictly increases in the time since
last default, and as a result, the associate price that keeps consumption constant, g(7) =
Q(b(1), c*), also strictly increases.

Let by € (0, b(c*)) be the debt value such that Q(br, ¢*) = g. That is, by is the level of
debt such that consumption equals ¢* when the price is g. Let us define T to be such that
b(T) = by. This value of T is the key threshold: while keeping consumption constant at
¢*, T represents the moment where the bond price must reach g (the price consistent with
a constant default arrival rate equal to §).

Differentiability of Q(b, ¢) implies that g(7) is differentiable and by the chain rule,

q (1) = Qy(b(7), ¢*)H (b(7), Q(b(7), ")) > 0. (11)

From the candidate path of bond prices, g(7), we can obtain the corresponding evolution
of reputations, p(7), that are consistent with this evolution of prices. In particular, given
the path g(7), let the path of unconditional arrival rates of default, x(7) = (1—p(7))F.(7),
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satisfy the pricing equation (8), now written as

_ q(T)+ (+1)(1—q(n)

(™ q(T)

; (12)

which is well defined as g(7) > g > 0 for 7 € [0, T7].

Having thus obtained the pat_h for unconditional arrival rates of default, x(7), we can
obtain the evolution of the market belief from Bayes’ rule, which delivers

p'(1) = (1 p(1))e + p(r)(x(1) — 8), (13)

with initial condition p(0) = 0. This is a first-order linear differential equation, thus de-
termining a unique candidate path p(7) given x(7).

Thus, given a candidate c¢*, we have constructed candidate equilibrium objects, b, g, p
for 7 < T, where T is such that lim,_ 7 g(7) =¢q and lim,_ 7 b(7) = b7, and both g and b
are strictly increasing over the domain.

Construction of (b(t1), q(7), p(7)) for > T. For > T, we conjecture that the oppor-
tunistic government defaults immediately, and, thus, p(7) =1 and ¢°(¢) =0 for 7 > T.
Equations (5) and (6) imply

q(t)y=q forT>T. (14)
The debt evolution then solves
b'(r)=H(b(r),q) forT>T, (15)
with initial condition b(T) = by.

Construction of {F;}22,. For 7 < T, the definition of Markov strategies implies that
F/(s)=F.(s)(1 — F.(s)) forall s € [7, T), and, thus,

x(s)
1—p(s)’

where we have used that x(s) = (1 — p(s))F.(s). Using our conjecture that F,(7) =0
together with a guess that p(7) < 1 for 7 € [0, T), we integrate the above and obtain

Sox(8) .
1- — d f T
F.(s) = exp[ /T 1= si|, orse(r,T), (16)
1, fors>T.

d
E log(1 — F.(s)) = —

For 7> T, we set F,(s) =1 for all s > 7, or that the opportunistic government defaults
immediately if it has been weakly longer than T since the last default.

Continuity of Beliefs and Equilibrium. 'To recap, the assumption of constant consump-
tion c* allows us to construct a candidate path of bond levels, b(), and prices, g(7), which
induce this constant level of consumption by the commitment type. These bond prices
then imply the unconditional default rates, x(7), which justify them. These unconditional
default rates then imply the evolution of reputation p(7), and, finally, the unconditional
default rates and reputation determine the conditional default rates F/ (7).
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A difficulty of this construction is that the paths (b(7), g(7), p(7)) depend on the
posited value of ¢*. For general posited c* values, our resulting constructed p(7) will not
be continuous. We next argue that continuity of our constructed p(7) is both necessary
and sufficient for our construction to be a Markov equilibrium, and that there exists a
posited ¢* > y where p(7) is in fact continuous.

To see why continuity of beliefs is necessary, note that in our construction, bond prices
q (1) are continuous everywhere, including at 7'. But these constructed prices do not nec-
essarily satisfy Condition 1 of our definition of a Markov equilibrium. In particular, our
constructed default behavior requires the break even bond price at 7 = T to be ¢, and
the the break even bond price at 7 = T~ (the moment before T') to be p(T~)q. Thus, if
p(T7) < p(T) =1, the break even bond prices implied by default behavior are discontin-
uous and, thus, our continuous constructed bond prices do not satisfy Condition 1. Put
simply, if beliefs jump at T, then bond prices must also jump at T, and our constructed
bond prices do not allow this.

The following proposition shows that continuity of beliefs is also sufficient for our can-
didate Markov equilibrium to be an equilibrium.

PROPOSITION 1: For given c* such that y < c* < C(0,79), let {q, p, b} be constructed as
above. If p(7) €0, 1) for r € [0, T) and p(T~) =1 (or p is continuous at T'), then {F,}>°  as
constructed above is well defined and together with {q, p, b} constitutes a Markov equilibrium.

See Appendix A for the proof.

As Proposition 1 makes clear, for a Markov equilibrium of this type to exist, it is neces-
sary and sufficient to show that there exists ¢* such that p remains below 1 before 7" and
is continuous at 7', to which we now turn.

PROPOSITION 2: There exists c* € (y, C(0, q)) such that the constructed {q, p, b, {F;}22,}
exists and is a Markov equilibrium.

See Appendix B for the proof.

As we show in the proof of Proposition 2, given that the price is strictly increasing
for 7 < T, x(7) > 6 in [0, T), and, thus, the hazard rate of default conditional on the
government being the opportunistic type, F/ (1) = x(7)/(1 — p(7)), approaches infinity as
T approaches 7.

Note that nowhere in our construction are any parameters associated with the prefer-
ences of the opportunistic type. The preferences of the opportunistic type—its rate of time
preference and its utility function (and thus risk aversion)—are not relevant. The reason
is that, in equilibrium, it faces no consumption variation either across states of nature
(the realizations of arrivals of its Poisson default events) or across time. The preferences
of the commitment type do not enter anywhere in the construction either. (In fact, to
this point, we have not even introduced them.) The preferences of the commitment type
enter our analysis only when checking whether it will prefer to follow the borrowing rule
H (b, q). This, and whether the opportunistic type prefers to follow H, we check for in a
later section.

5. AN EXAMPLE

This section presents a computed example to illustrate the nature of our constructed
Markov equilibrium. The parameters of our model are the endowment level y, the switch-
ing probabilities € and &, the outside world discount rate i, the coupon debt maturity
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parameter A, and the net borrowing function of the commitment type H (b, g) (which to-
gether imply the consumption function of the commitment type C(b,q) =y — (i + A)b +
q(H (b, q) + Ab)).

For the commitment type’s borrowing function H (b, g) and its corresponding con-
sumption function C(b, g), we chose

H(b,q):max{r*—(i-;/\—)\),()}(y—b). 17)

This is similar to the solution to a deterministic optimization problem of a country with
log utility and a discount rate of »* who believes it can sell debt at the constant bond
price g (and thus faces an interest rate of % — \), with the exception that we focus only
on borrowing (not saving) and set net borrowing proportional to (y — b), whereas in the
deterministic problem, net borrowing is proportional to (¥ — b), where y/i corresponds
to the natural debt limit.

Next, we normalize y = 1 and choose our other parameters relative to a unit of time
being 1 year. Thus, if we set € = 0.01 and 6 = 0.02, this implies a 1% chance that an op-
portunistic government dies in the next year to be replaced by a commitment government,
and a 2% chance that a commitment government dies to be replaced by an opportunis-
tic government (and, thus, the country has a commitment government one-third of the
time). We set the outside world discount rate i = 0.01 and A = 0.2, corresponding to a
yearly principal payoff of 20% or roughly 5-year debt. These imply that in the long run
(after date T is reached and, thus, the government is certainly the commitment type), the
probability of default is 2% per year (from 6 = 0.02), and, thus, the long-run interest rate
is 3% (from i + & = 0.03) and the long-run bond price is 0.913 = - fﬁra (as opposed to a
bond price of 1 if lending were riskless). Finally, we set #* = 0.15. Under these param-
eters, equation (17) satisfies Assumption 1 with B =y (see the Supplemental Material)
and, thus, an equilibrium exists.

Figure 1 displays some relevant time paths for these parameters (again, where all paths
start over given a default) in the constructed equilibrium.'” Here, it takes about 31 years
for the market belief that the government is a commitment type to go from p =0 to
p = 1. In this time, debt goes from b =0 to b = 0.8 (or a debt/GDP ratio of 80%) to,
eventually, b = 1 (or a debt/GDP ratio of 100%), whereas the bond price goes from 0.6 to
its long-run value of 0.91. Consumption stays steady at about 0.3% above endowment for
these 31 years, and then smoothly decreases over the next 30 years to about 97% of the
country’s endowment. The country’s default rate starts at about 14% per year, decreasing
to, eventually, 2% per year.

A useful consequence of analytically characterizing a Markov equilibrium is that nearly
every moment of an example can be calculated as opposed to simulated. Here, for in-
stance, once a country’s interest rate reaches its long-run value 7 = 31 years after its last
default, the expected time to default is fooo tde ' dt = %, or for these example parameters,
50 years. The average length of time to graduate after a default (call this m) is a more
difficult formula, but can be expressed as

T -
m=T+ / tx(t)e-/'r’ x(s)ds dt,
0

17 Although we do not have a proof of uniqueness, mumerically we only find one ¢* such that p(T) = 1.
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FIGURE 1.—Equilibrium path starting from p, = 0 and b, = 0. The parameter H is as in equation (17).
The rest of the parameters are y =1, € =0.01, 6 =0.02, i =0.01, A = 0.2, and r* = 0.15. The value of T is
represented by the vertical line.

which for these example parameters is a bit less than 200 years. (Recall that it takes T = 31
years in this example to go from default to graduation conditional on not defaulting. The

probability of not defaulting for T years after a default, however, is el *0di which for
these parameters is a bit less than 10%.)

6. CHARACTERIZING ALL MARKOV EQUILIBRIA

In this section, we give a tight characterization of all Markov equilibria such that both
types follow any borrowing rule H (b, g) satisfying Assumption 1, and we show all are of
the type constructed in the previous section.

Specifically, we show in any Markov equilibrium starting from (b = 0, p = 0), that the
continuation value to the opportunistic government equals a constant (and, thus, there is
no value on the equilibrium path to having a good reputation). This then implies that the
on-path consumption of the opportunistic type must also be constant. Finally, we show
that if this constant on-path consumption exceeds the country’s endowment (as it does
for all of our computed equilibria), then there exists a date T > 0 such that F,(7) =1
for all 7 > T and where the price path g(7) is continuous at 7. These two characteristics
(constant on-path consumption, ¢*, and a date T such that F.(7) =1 for all 7 > T with
bond prices continuous at 7') are all we used in the previous section to construct our
candidate equilibrium. Everything else about the constructed equilibrium was implied by
the equilibrium conditions. Thus a// Markov equilibria with ¢* > y have the form of our
constructed equilibrium from the previous section.

We now turn to proving these characterizations. For a given Markov equilibrium
({F:}2y, q(1), p(1),b(7)), let V(1) and c(7) denote the associated value to the oppor-
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tunistic government and consumption level as a function of time since the last default, 7.
We first establish that 17(0) > Lr‘ﬁr—yé) and that for all 7> 0, V' (7) =V (0).

LEMMA 1: If ({F.}2,, q(7), p(7), b(7)) is a Markov equilibrium with associated value
V(r), V(0) >«

rte”

See Appendix C for the proof.

PROPOSITION 3: If ({F.}2,, q(7), p(7), b(7)) is a Markov equilibrium with associated
value V (1), forall 7> 0, V(1) =V (0).

See Appendix D for the proof.

The intuition behind the necessity of a constant value function is as follows: First, the
continuation value can never fall below its initial value; otherwise, an opportunistic gov-
ernment could default immediately and get the initial value. Next, eventually debt be-
comes high enough so that the value after a sufficiently long period of no default must
also equal its initial value due to the opportunistic government certainly defaulting. Thus,
if a continuous value function is ever above its initial value, it must do so by rising and
then falling over some interval. In this interval where the value is above its initial value,
the opportunistic type must be not defaulting with certainty, while the time to when it
starts defaulting again moves closer, so the bond price must be falling. This and that debt
keeps accumulating in this interval imply that consumption must be falling over time. But
this contradicts the value function ever rising.

From this proposition, and the two results we present now (Lemma 2 and Proposi-
tion 4), it follows that the equilibrium consumption path for the opportunistic type must
be constant.

LEMMA 2: If ({F;}°2,, q(7), p(7), b(7)) is a Markov equilibrium with associated constant

value V , then for any 7> 0 and A > 0 such that F,(t+A) <1, c(t) =c*=u'((r+e)V)
foralmost all t € [T, 7+ Al

See Appendix E for the proof.
Consider now an equilibrium where ¢* > y. Define

T =inf{s > 0|Fy(s) = 1}. (18)

Note that ¢* > y guarantees that T > 0.'® In the following proposition, we show that after
T, default always occurs immediately if the opportunistic type is in government.

PROPOSITION 4: Let ({F.}2,, q(7), p(7), b(7)) be a Markov equilibrium with associated
constant value V- > u(y)/(r + €). Then F.(t) =1 forall > T as defined by (18).

See Appendix F for the proof.

Finally, we now argue that the price g(7) is continuous at 7. The proposition above
implies g(T) =¢q and q(T~) = p(T~)q since g°(T) = 0. Since p(T) <1, then q(T) >
q(T~). Suppose that q(T) > q(T~). Then consumption after 7 must be strictly larger

8The previous lemma guarantees that if 7 = oo, consumption of both types equals (almost everywhere
(a.e.)) ¢* > y, which violates the bounded debt restriction.
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than the consumption before 7', as the price has strictly increased while debt evolves
continuously. This means that, after 7, consumption remains higher than c¢*, violating the
optimality of the default at 7.

To recap, we have shown all Markov equilibria exhibit constant on-path consumption,
a date T such that F,(7) =1 for all 7 > T, and bond prices continuous at 7. These
three characteristics are sufficient to show all Markov equilibria have the form of our
constructed equilibrium.

7. STARTING POINTS OTHER THAN p; =0 AND by =0

To this point, we have assumed our game starts with p, = 0 and b, = 0. This is the rel-
evant subgame after the first default and any subsequent defaults. We now turn to char-
acterizing Markov equilibria for starting values of (b, p) other than (0, 0). In Section 8§,
we use these results to establish that following borrowing rule H is indeed optimal for
the opportunistic type (or that the opportunistic type chooses to reveal its type only by
defaulting) and is optimal for the commitment type as long as it is sufficiently impatient.

As discussed in Section 2.1, for the subgame starting from (b =0, p = 0), it is sufficient
to collapse (b, p) into a single state variable—time since last default—r. For starting
points other than (b =0, p = 0), we need to make strategies a function of (b, p) directly,
but only before the first default.

Consider Figure 2. In the (0, 0) game, the state variables (b, p) start at (0, 0) and over
time (if no default) move to the northeast along the thick line (the (0, 0) equilibrium
manifold) with both debt and reputation increasing until debt reaches its date T level,
b(T), in which case reputation is at its maximum (1), but debt continues to increase until
reaching its steady state. (Every time there is a default, the state variables return to (0, 0).)

Next, partition (b, p) space into starting values (bg, po) such that the government’s ini-
tial reputation p, is equal fo (on the thick line), greater than (above the thick line), and less
than (below the thick line) what its reputation is for that level of debt in the (0, 0) sub-
game. More formally, note first that since b(7) in the (0, 0) subgame is strictly increasing
over time, there is a one-to-one mapping between debt levels b and times since the last de-
fault 7, and, thus, we can define 7*(b) to be the amount of time it takes to reach debt b in

1.E
0os —> No Immediate
> Default \ 0.0 Certain
. 0,0
Reglon equilibrium Default
0.6 £ manifold Region
P
0.4F Immediate
Probabilistic
0oL Tno default Default
° Region
7 i b(T)
0. : L [
0. 0.2 0.4 0.6 0.8

b

FIGURE 2.—Default regions. The thick line depicts the equilibrium manifold starting from b, = 0 and
po = 0. At any starting point above the manifold, no default occurs and (b, p) moves along a thin line until
reaching the manifold. At any starting point below the manifold, the equilibrium jumps to the manifold if no
immediate default occurs. To the right of b(T'), there is immediate certain default by the opportunistic type,
independently of p. To the left of b(T'), immediate default occurs probabilistically.
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the (0, 0) subgame. Since any Markov equilibrium of the (0, 0) subgame defines functions
b(7) and p(7), the equilibrium manifold is then represented by the function p(7*(b)).

Next, consider (by, pg) such that pyo = p(7*(by)) or that the government’s initial repu-
tation p, is exactly what it is in the (0, 0) subgame when it has debt b, (or (by, py) is on
the thick line). In these cases, assume the opportunistic type follows its strategy from the
(0, 0) subgame, but starting as if it has been 7(by) periods since the last default. Since
following this strategy is optimal in the (0, 0) subgame, it is optimal starting from (b, py).

Next, assume py > p(7*(by)) or that the government’s initial reputation p, is strictly
greater than what it is in the (0, 0) subgame when it has debt by (or (b, py) is above the
thick line). Here, we propose the opportunistic type sets Fy(#) = 0 for a specific amount
of time #* (which depends on (b, py)). Its reputation p at date ¢ < #*(by, py) is then

€ €
At — —(e+6)t _ ,
p= g te <p° e+6>

which converges continuously to —<. Since in the (0, 0) subgame, p(7) moves continu-
ously from 0 to 1, this ensures there exists (#*, 7) such that p(#*) = p(7). Then from date
t* on, we propose the opportunistic type follows the (0, 0) equilibrium starting as if it had
been 7 periods since the last default. Graphically, the state variables (b, p) move contin-
uously to the east along the thin line associated with (by, po) until hitting the thick line,
where from there the game follows the (0, 0) equilibrium as if it has been 7 periods since
a default. Since from time zero to time ¢, the bond price q is strictly greater than the bond
price for that level of debt in the (0, 0) equilibrium (since the probability of default is zero
for some time), consumption along this path is strictly greater than the consumption of
the opportunistic type in the (0, 0) subgame, ensuring the opportunistic type is willing to
set Fy(t) =0 for t < r*.

Finally, suppose py < p(7*(by)) or that the government’s initial reputation p, is strictly
less than what it is in the (0, 0) subgame when it has debt b,. Here, if po > 0 and by <
b(T) (labeled “Immediate Probabilistic Default Region” in Figure 2), we propose the
opportunistic type immediately defaults with probability y such that

Po
po+(1—po)(1—7y)

Since 0 < pg < p(7*(by)), then y € (0, 1], and this default behavior ensures that (b, p)
jumps either to (0, 0) (in the case of immediate default) or (by, p(7*(bg))) (in the case of
no immediate default). The opportunistic type then follows the strategy from the (0, 0)
game starting from either 7 = 0 or 7 = 7*(b,), depending on whether it immediately de-
faulted. It is willing to set y between 0 and 1 because its continuation value is the same
in either case.” If py > 0 and by > b(T) (labeled “Immediate Certain Default Region” in
Figure 2), we propose the opportunistic government immediately defaults with probabil-
ity 1. Under this strategy, reputation p immediately jumps to 1 if no default. Here, the
opportunistic government strictly prefers to default.

p(7 (b)) =

YNote that if the strategy calls for y high enough that p jumps above p(7*(by)) if no default, the oppor-
tunistic government will find it optimal to deviate and set y = 0. If the strategy calls for y low enough so that
p fails to reach p(7*(by)) if no default, the strategy calls for another immediate probabilistic default to reach
p(7*(bo)), which is the same thing as choosing y such that p(7*(by)) is reached immediately if no default. Any
strategy other than immediate probabilistic default would imply lower consumption than ¢* for some amount
of time, thus inducing immediate default unless bond prices are higher at the lower reputation and same debt
as when on the manifold—a property not compatible with equilibrium.
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If po = 0, we propose the opportunistic type immediately defaults with probability 1.
Here, Bayes’ rule does not apply for calculating beliefs conditional on not defaulting;
thus, we are free to set the belief. If by < b(T), setting p conditional on no default to
p(7*(by)) again ensures the opportunistic type’s payoff is the same regardless of whether
he defaults or not and is, thus, willing to set y to 1.° If by > b(T), the opportunistic type
finds it strictly optimal to default.

8. ENDOGENOUS DEBT ISSUANCES

In this section we allow for strategic debt issuances. That is, up to this point, we have
assumed both government types follow the debt issuance rule H (b, g) and the only strate-
gic behavior allowed is for the opportunistic government to default. Among other things,
such an assumption rules out the possibility of the commitment type actively trying to
separate from the opportunistic type through its debt issuance behavior.

To this end, we consider two separate questions. First, for our constructed equilibrium,
will both government types be willing to follow the borrowing rule H if allowed to deviate
when issuing debt? (That is, does our constructed equilibrium continue to be an equilib-
rium if debt issuance becomes a strategic choice by both government types?) Second, are
there any separating equilibria where the two government types reveal themselves through
their debt issuance behavior? Subject to conditions we outline below, we show here that
our constructed equilibrium continues to be an equilibrium when allowing for endoge-
nous debt issuances, and that no Markov separating equilibria where the two government
types reveal themselves through their debt issuance behavior exist. In both cases, we dis-
allow debt buybacks by either type.?' We find it useful to answer the second question first.

8.1. On the Lack of Separating Markov Equilibria

Here we establish that our continuous-time game has no Markov equilibria where
a commitment type issues positive new bonds and the opportunistic type issues a dif-
ferent level of new bonds, subject to one condition: such an equilibrium must be the
limit of equilibria of the discrete time version of our game as A — 0, where the value
to the opportunistic type, V' (b, p|A) is strictly decreasing in b—a property our con-
structed equilibrium does have. Recall that in the discrete move game timing, debt is-
suances and coupon payments occur just after clock ticks ¢ € {0, A, 24, ...}, then de-
fault occurs or not, and then a type switch occurs or not (with probabilities €A and
8A, respectively). Let g(b*, p|A) denote the price of a bond promising to pay a stream
((+ M)A, (i + M)A = AA), G+ DA — AA)?, .. ) starting in A units of time, when new
debt and reputation are equal to (b*, p) at the time the bond is issued.

Consider an opportunistic government with debt b that reveals itself by choosing a dif-
ferent b* than what the strategy calls for the commitment type to issue. Then its lifetime
payoff is

_ — bT—(1—AAb\~ 1—€A - ——
u(y—(l+)\)b+q(b+,0|A) (_ ) A+ — max{V (0, eA|A), V (b", eA|A) },
1+rA
20 Again note that if we set p after no default greater than p(7*(by)), the opportunistic type will find it
optimal to deviate and not default, and if we set p after no default less than p(7*(by)), the strategy again calls
for another immediate (probabilistic) default.
2 As mentioned in footnote 14, this still allows for the stock of debt to decrease over time.
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where the max in the last term represents the subsequent default decision. Note that since

we restrict our attention to equilibria such that (b, p|A) is strictly decreasing in b, any
equilibrium strategy must call for certain default by the opportunistic type after issuing

bt > 0. Thus, g(b*, 0]A) = 0 for any b* > 0 different from the level a proposed strategy
calls for the commitment type to issue, and its consumption is y — (i + A)b. That is, the
choice for an opportunistic government is always whether to raise zero revenue from new
bond issuances or to mimic.

Suppose a proposed strategy calls for the commitment type to issue positive new debt
and the opportunistic type not to mimic. Then the opportunistic government’s current

consumption is y — (i + A)b and its continuation payoff is I (0, eA) (since it has revealed
its type by not mimicking). If instead the opportunistic type mimics and then defaults,
its consumption is y — (i + A)b plus the revenue raised from the debt issuance (which
is positive since there are no buybacks, and p = 1 if the opportunistic type deviates and
mimics), and its continuation payoff is again V' (0, eA), which dominates not mimicking.
Thus, whenever a strategy calls for commitment type to raise revenue by issuing new debt,
it must call for the opportunistic type to mimic.

8.2. Optimality of Following H (b, q)

Given that no Markov equilibria exist where types reveal themselves through their debt
issuances, there is still the question of whether our constructed equilibrium continues to
be an equilibrium when debt issuance is a strategic choice. Here, we rely on our char-
acterization of play for arbitrary (b, p) starting points. Again, we assume the borrowing
country is supposed to follow H whenever p > p(7*(b)) (which occurs with equality in
the (0, 0) subgame and as a strict inequality for sufficiently high p, relative to by). Fur-
ther, we assume that outside lenders believe p = 0 whenever a country attempts to borrow
differently.?

First consider the opportunistic type. In any Markov equilibrium, its value is the same
for all (by, po) such that py < p(7*(by)) and strictly above this common value when p, >
p(7*(by)). If it deviates and borrows differently from H (b, g), its reputation p becomes
zero, and its value is either unchanged (in the case where py < p(7*(by))) or declines
(in the case where py > p(7*(by))). Thus, the opportunistic type will always find it weakly
optimal to follow the borrowing rule H, choosing to reveal its type only by defaulting (and
where in the discrete time game, the opportunistic type finds it strictly optimal to follow
the borrowing rule as long as its reputation falls at all when deviating, even if not all the
way to zero.)

Next consider the commitment type. We now allow for the commitment type to choose
its issuances. Since we have assumed that if a country attempts to borrow differently than
H, it is assumed to be certainly the opportunistic type, and the opportunistic type is sup-
posed to default immediately with probability 1 whenever p = 0 and b > 0, this implies a
bond price of zero immediately after a country fails to follow H (which is the same as not
being able to borrow).” Thus, consider a commitment type that deviates from H for an
interval of time [¢, ¢ + A]. During this period, p and g remain at 0, and the commitment

22That is, any deviation from on-path behavior is perceived to be made by an opportunistic type. We do not
study whether these off-path beliefs (which are consistent with Bayes’ rule) survive standard refinements.

Z'We have confirmed this property in the discrete time version of this game as well. Under the assumption
that outside lenders believe borrowing differently than H implies the borrower is the opportunistic type, in any
Markov perfect equilibrium, the price of such debt is zero.
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type must simply consume its endowment while making its coupon payments, reducing its
debt at the rate A—a result that follows from our no buyback restriction.

Suppose then at any point in the game where it has debt b > 0, a commitment type
with bounded utility function u¢ and discount factor r¢ considers using this strategy for an

amount of time A. At the end of this period, the level of debt is b = e=*b. Its value from
following this strategy (as a function of its current debt, b, and A) is

A
V‘(b,A)E/ U (y = (i+ Ve Mb)ds+ eV (e74D),
0

where V¢(b) = fT* 0 € T ®u(c(s))ds and c(s) represents the equilibrium consump-
tion s periods since the last default; that is, }7¢(b) is the value to the commitment type
of following the equilibrium as if it has been 7*(b) periods since the last default. Here,
the first integral is the commitment type’s payoff between the date it starts to deviate and
the date it stops, and the second integral is its payoff from then on. At this date, since it
starts followmg the rule H and does not default (since it cannot), its reputatlon jumps to
p(T*(b)), and it is back on the equlhbrlurn path as if it has been 7 (b) periods since the
last default. The derivative of /¢ with respect to A is

aVe(b, A)
IA

= e"'A{ (y = (i 4+ M)b) = rve(b) — dVC(b) }

That lim,(erVf(IS)—u(c(T*(B)))impheslim,cm%j”) 0 as dV‘“’) = 7 (b)[rVe(b) —

u(e(r* (b)))] Given that debt is strlctly 1ncreasmg in the path of the constructed equilib-
rium, we have that u(y — (i + /\)b) <u(c(t* (b))) Hence, there exists r¢ sufficiently high

such that 2“4 < ( for any A > 0, and the commitment type is thus willing to follow the
constructed equilibrium strategy for any b > 0.

9. CONCLUSION

In this paper, we presented a tractable sovereign debt model where the borrower’s
reputation and its interaction with default events generate dynamics of debt and asset
prices that are consistent with several facts.

In our model, a government that defaults loses its reputation, and it takes periods of
borrowing and not defaulting to eventually restore it. During these periods, bond prices
are low and default frequencies are high, as in the data. Further, relative to countries
that have not recently defaulted, debt levels are low. In fact, in our model, as in the data,
countries with low debt levels face relatively high interest rates, a phenomenon referred
to as “debt intolerance.” In our model, a country can “graduate” into the set of “debt-
tolerant” countries by not defaulting for a sufficiently long period of time.

In the data, default is less than fully predictable and somewhat untied to fundamentals.
Recent work has emphasized this fact as an argument for introducing features that lead
to multiple equilibria in the standard sovereign debt model. In our environment, such an
outcome arises naturally. Equilibrium default in our model is necessarily random. Such
randomness is a fundamental ingredient for the dynamics of learning and reputation.

APPENDIX A: PROVING PROPOSITION 1

Let us first state two preliminary results.
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LEMMA 3: Given a constant price, q, the differential equation b'(t) = H(b(1), q) with
initial condition b(0) = b, € [0, B] has a unique solution defined for all T > 0 and where
b(T) converges monotonically to a steady state.

PROOF: Assumption 1 part (i) guarantees that the differential equation b'(7) =
H(b(7), q) with b(0) = b, has a unique (local) solution. The role of Lipschitz continuity
can be found in any ordinary differential equations book. See, for example, Hale (2009,
Theorem 3.1). As it is standard, uniqueness in a one-dimensional autonomous system
implies that the dynamics of b(7) are monotone. Otherwise b’(7) must cross zero in some
finite time f,, and the stationary solution that keeps b(7) constant at b(t,) is also a solution
to the ordinary differential equation (ODE), violating uniqueness. Finally, parts (iv) and
(v) of Assumption 1 imply that a local solution can be extended for 7 > 0, as the solution
b(7) does not exit the range [0, B]. O.E.D.

Next, we show that the function Q(b, ¢) is differentiable. Let Y = {(b, c)|y < ¢ <
C(0,1)and 0 < b < b(c)}.

LEMMA 4: The function Q(b, c) is differentiable in Y with Q, > 0and Q. > 0.

PROOF: We have already argued in the text that Q(b,c) € (g, 1] exists for any c €
(y,C(0,1)) and b € [0, E(c)]. The definition of Q is
c=y—(i+M)b+Q(b,c)(H(b,O(b,c)) + Ab).

Note that ¢ > y implies that H > 0 and, thus, H is differentiable with respect to both
arguments given Assumption 1 part (vi). The implicit function theorem then delivers that

i+A1—-Q)—QH,(b,Q)
H(b, Q)+ Ab+ QH,(b,Q)’

Oy(b,c)= where Q = Q(b, ¢).

From Assumption 1 part (iii), H, > 0, and, thus, the denominator is strictly positive given
H > 0. We also know that H, < 0 from Assumption 1 part (i), and, thus, the numerator is
strictly positive, so Q,(b, c) > 0.

Similarly,
0.(b,¢) = .
7 H(b, (b, ©)) + Ab+ Q(b, ©)Hy (b, Q(b, ©))’
which shares the same strictly positive denominator, and, thus, Q.(b, ¢) > 0. O.E.D.

We are now ready to state the proof.

PROOF OF PROPOSITION 1: Suppose that we have b, g, and p as constructed with an
associated T. We first argue that {F,}2°, can be constructed if p(7) <1 for 7 < T. To
see this, note that (12) implies that x(7) is continuous as ¢ is differentiable as shown in
equation (11). Hence, x(7)/(1 — p(7)) is well defined and continuous for 7 € [0, T'). Thus,
it is integrable in a compact set, and F,(s) in equation (16) is well defined for all 7 € [0, T')
andse[r, T).
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We now proceed to argue that if p(7) is continuous at 7', the constructed candidate
functions {F.}%,, {q(7), p(7), b(7)} satisty the five conditions for equilibrium stated in
Definition 2.

Condition 3 (Debt Evolution). Condition 3 holds by construction, given that (10) and
(15) hold. Note that for the latter, Lemma 3 guarantees that b(7) remains in [0, B] for all
T>T.

Condition 4 (Opportunistic Type Optimizes). First we show that c(7) is continuous at all
7 and weakly decreasing for 7 > 7. Continuity follows from the fact that both b(7) and
q(t) are continuous, and, thus, c(7) = C(b(7), (7)) is continuous. For 7 < T, c(7) is
constant. For 7 > T, we have that H(b(7), g(7)) >0 as H(b(T), q(T)) > 0 and conver-
gence is monotone from time 7" onward with a constant price by Lemma 3. Given that
b(7) is weakly increasing, it follows that c¢(7) is weakly decreasing by Assumption 1(ii)
and g(7) < 1.

That c(7) is continuous for all 7, constant for all 7 < T (by construction), and weakly
decreasing for 7 > T implies that the conjectured default strategy for the opportunistic
type is optimal. That is, the opportunistic type consumes c¢* at all times, and as a result it
is indifferent between defaulting or not before 7 < T and (weakly) prefers to default for
T > T, thus ensuring that Condition 4 is satisfied.

Condition 2 (Market Beliefs Are Rational). For 7 > T, p(7) = 1 and F,(7) = 1, and imme-
diately equation (3) is satisfied for 7 > T'. For 1 =T, equation (3) also holds if p(77) > 0
and does not apply if p(7T-) =0.

For 7 < T, by construction p’(7) = (1 — p(7))e + p(7)(x(7) — §), ensuring Bayes’ rule
holds locally given the conjectured default behavior F.(7) = x(7)/(1 — p(7)).

Condition 1 (Foreign Investors Break Even in Equilibrium). In our construction, we derive
the unconditional bond price g(7), but our definition of a Markov equilibrium is in terms
of conditional prices g°(7) and g°(7).

The existence of g° and ¢°, given {F.}, follows from a contraction mapping developed
in the Supplemental Material.

We next need to show that the price generated from ¢° and ¢¢, given equation (5) and
using the market beliefs p, coincides with g. Using the continuity of p, let § be defined as
the price consistent with ¢g°, g° and beliefs p:

q(m)=p(1)g° (1) + (1 = p(1))q° (7).

Continuity of g° and ¢° (shown in the Supplemental Material) together with continuity
of p, guarantees that g is continuous.

Note that g(7) = g°(7) = ; ﬁis = q(7) for 7 > T, where the second equality follows
from the proposed F,. Taking derivatives of the integral forms (6) and (7), together with

(4) and the definition of x(7), implies that g satisfies

G =([+A+x(1)q(1)— (I+A) (19)

for 7 < T. Note that differentiability of Q with respect to b (Lemma 4) and the con-
tinuity of H (Assumption 1(vi)) imply that lim,_,- ¢'(7) is finite, and we let x(7) =
lim,_, - x(7) € [8, 00). Using this extension of x, it follows that g in [0, T] solves an ini-
tial value problem (IVP): it satisfies equation (19) with boundary condition g(7") = g(T).
This IVP is a first-order linear ordinary differential equation on [0, 7] with time depen-
dent and continuous coefficients. Hence, it has a unique solution in [0, 7']. Given that g
solves the same IVP, it follows that ¢ and g are the same.
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Condition 5 (Each F, Is a Cumulative Distribution Function and They Are Consistent With
Each Other). First we need to show that each F, € I',. For 7 < T, the function defined in
equation (16) lies in [0, 1], and is differentiable and increasing, given that x(s) > 0 and
p(s) <1 for s < T (from the arguments in the proof of Condition 2 above). Given that
F.(s)=1for s > T, it follows that F, € I',. For 7 > T, F, € I', by construction. Note also
that {F.}>, eI

Next we argue that equation (2) holds. To see this, note that the equation holds for
any s > T, as F,(s) = F,,(s) =1 for all 7, m, and for s < T, the equation holds given the
exponential form in (16).

All the conditions for the definition of equilibrium hold. Q.E.D.

APPENDIX B: PROOF OF PROPOSITION 2

Consider the right-hand side of the initial value problem (IVP) defined in (10):
f(b,c)=H(b, Q(b, ¢)). First note that applying the chain rule delivers

fb(b’ C) - Hb(b’ Q(b9 C)) +Hq(b, Q(b’ C))Qb(ba C)7
fc(b; C) - Hq(b’ Q(b, C))Qc(ba C)’

and, thus, f has continuous first derivatives in the set of (b, q) € X such that H (b, q) > 0.
This implies that there exists a unique local solution b(7, ¢*) to the IVP (10) for ¢* > y,
and this solution is continuous and differentiable in 7 and ¢* in its domain of definition.
See, for example, Theorem 3.3 in Hale (2009).

The unique solution to (10), b(7|c*), can be obtained by integration and satisfies
G(b(t|c*), c*) = 7, where the time it takes to get from by =0 to b (given c*) is

*\ b 1 I
G(b,c):/o RIREIG

For ¢* € (y, C(0,q)), consider the time interval of maximal existence for this solu-
tion, which in this case extends from [0, T'], where T is the time where b(7|c*) reaches
the boundary b(c*) associated with a price of 1. (This time, 7T, is finite given that H
is bounded below by ¢* — y > 0 and b(c*) is finite.) Let T(c*) € [0, T) be such that
Ob(T(c")|c*), c*) =7, that is, T(c*) is the amount of time it takes for Q to reach its
long-run value g. Such a value exists as the path for b is continuous, and Q is continuous
and ranges from a value strictly lower than ¢ to 1. Differentiability of Q and b together
with the fact that O, > 0 and H > 0 implies that 7'(c*) is continuous (and differentiable).

Note also that g'(7|c*) as defined by equation (11) is continuous in (7, ¢*). Using equa-
tion (12) guarantees then the corresponding x(7|c*) is continuous in (7, c*). As a result,
the solution to the linear first-order differential equation in (13) is continuous in (7, c*).
The above arguments then imply that p(7'(c*)|c*) is continuous in ¢* for ¢* € (y, C(0,q)).

The final step for existence is to show that there are two different values ¢, and ¢;
in (y, C(0,9)) such that p(T(c)|cy) = 1> p(T(cy)|cy). The existence of a c¢* such that
p(T(c*)|c*) =1 follows by the established continuity of p(7T'(c*)|c*).

Toward this end, first note that for any g(7|c) < g, we have that

)
. B (i+/\)(,7>
x(7|c)>(l+)‘)(1 q(Tlc))> \i+A+0 _s,
q(t|c) I+A

i+A+6
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where the first inequality follows from ¢'(7|c) > 0 and the second from g(7|c) < g =
(i+ AN)/(i+ A+ 6). It follows then that

p(1le) = (1= p(r, 0))e + p(rle) (x(rlc) — 8) > (1 — p(rlo))e.

Thus, p'(7|c) is strictly positive for p(7|c) < 1. This also implies that once p(r|c) has
reached a value higher than 1, it cannot decrease below 1.

i+A
Now note that for any g(7|c) < 75—, we have that

4 0+e€
i+ 01— qg(rle) i+ >(m)
q(tlc) B i+A
i+A+8+e

x(7|c) >

=b6+e,

where again the first inequality follows from ¢'(7|c) > 0 and the second from g(7|c) <

i+
e It follows then that

p'(7lc) = (1 - p(T|C))€ + p(T|C)(X(’T|C) — 5) > €

i+A
i+A+8+e€

for g(7|c) <
in this range.

Thus, to summarize, for g(7|c) < ; H’i’; - the growth of p(7|c) is bounded below by a
linear rate €. For g(7|c) <4q, if p(7|c) reaches a value above 1 for some 7y, then p(7(|c) >
1 for any subsequent 7 > 7.

From Assumption 1 part (iv), we can consider a ¢, sufficiently close to y such that
Q(0, ¢p) < 775 By choosing ¢, small enough, we can make H (b(7|c,), Q(b(7|c), o))
arbitrarily small and, thus, G(b, ¢y) arbitrarily large. The amount of time g(r|cy) re-
mains below —*—_ can then be made arbitrarily large. Given the linear lower bound on
the change i in p(7|c0), it follows that for sufficiently small ¢y, p(7|cy) eventually reaches
above 1. Given that once it has reached 1, it cannot decrease below 1, it follows that for
¢ close enough to y, p(T(cy)|co) > 1.

Consider now ¢; = C(0, g) — ¢ for small & > 0. By making & small enough, we can make
T (c,) arbitrarily close to zero as T(C(0, g)) = 0. Now, recall from Lemma 4 that

0, 1O +A1-0)
"~ H+ b+ QH, '

. Hence, we have a strictly positive lower bound to the change in p(7|c)

Assumption 1 parts (ii) and (iii) then imply that Q, < %, and, thus, from (10),

q'(tler) <i+ A+ q(rle)Hy(b(ler), q(7ler)).

The fact that H is Lipschitz (Assumption 1 part (i)) implies that H, is bounded and,
thus, ¢g'(7|c;) < M for some M > 0 independent of e. It follows then that x(7|c;) <

(1 —q(rle M-+(i+A)(1—g) . .
MHH;();LI)CIW”) <= . L and, thus, x(7|c;) is also bounded independent of s. We

have then that p/'(7|c;) < (1 — p(7|c1))e + p(7|c;)(M — &) and, thus, the growth of p is
bounded above. Hence, for & small enough, T'(¢,) is close to 0, and the boundedness of
p'(7|cy) implies that p(7|c;) remains below 1 for all 7 € [0, T'(¢;)].

Thus, there exists ¢y and ¢, in (y, C(0,q)) such that p(T(cy)|co) > 1 and p(T (cy)|c1) <
1. Hence, there exists a ¢* such that p(T(c*)|c*) = 1. Note that our argument above also
shows that p(7|c*) < 1forall 7 €[0,T).
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Given this value of ¢*, we apply Proposition 1 to show that the construction constitutes
a Markov equilibrium.

APPENDIX C: PROOF OF LEMMA 1

Suppose V'(0) < % From b(0) =0, ¢(0) =y + q(0)H (0, g(0)) > y from g(0) > 0 and
from Assumption 1 part (iv), which guarantees H(0, g(0)) > 0. Thus, a deviation setting
Fy(0) =1 ensures that consumption weakly exceeds y at all dates and generates a strict
improvement over V' (0).

APPENDIX D: PROOF OF PROPOSITION 3

The proof proceeds in four steps. We first prove three preliminary results and then the
main result.
Step 1. V(1) is continuous. First note that V(1) satisfies

T+T
V()= sup/ e” Py (e(s)) ds + e PTOTV (0)

T=0
7+T (1)
= f e~y (c(s)) ds 4 e POV (0)
T

for some 7' (1) € R, U {+00}. We then have that, for A > 0,

T+A+T(7)
V(it+A) =V(r)> / e PHITTEy (c(s)) ds + e PTITOV(0) — V(1)

T+A
T+A+T (1) T+T (1)
= / e~ POy (e(s)) ds — / e~ POy (e(s)) ds,
T+A T

where the inequality uses the weak suboptimality of 7'(7) at 7 4+ A. Eliminating the com-
mon terms across both integrals yields

T+A+T(7)

V(T+A) = V(7)) =1Li1(r)<00) f e~ POy (e(s)) ds

7+max{A,T(7)}

T+min{A, T (1)}
— / e” POy (c(s)) ds
.

T+A+T(7)
> Li7(r)<o0) (/ e~ (PH(riay dS)E
T

+max{A,T(7)}

74+min{A, 7 (1)}
— (f e*(p+é)(sff> dS)ﬁ,
T

where the inequality follows from the boundedness of u. Solving out the integrals, we
obtain

u

e(ﬂ+€)(A—maX{A,T(7)l) _ e—(P+E)T(T))

| 4 A) V(1) =110
(t+4) (1) (T(1) }( ote

1 _ e—(p+e)min{A,T(7—)}
p+e
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e(p+e)(A—max{A,T}) _ e—(p+s)T 1 _ e—(p+5)min{A,T}
> —sup |u| — sup |ul
T>0 p+e T>0 p+e
1— e—(p+s)A
=_‘ e (1al + ul) > —oo.

A similar argument provides the same lower bound for V' (7) — V(7 + A) and, thus,

_ o= (p+e)A

1
Vir+A) —V(n)| < (1) + |ul).

p+e

Given that the right-hand side is continuous and goes to zero as A — 0, this guarantees
the continuity of V' (7).

Step 2. V(1) =V (0) for all = > 0. Choosing F,(7) = 1 guarantees a value equal to }(0).

Step 3. For all T > 0, there exists t > 7 such that V (¢t) =V (0). First, we show there exists
t such that F,(¢) > 0. Toward a contradiction, suppose F.(¢) =0 for all ¢ > 7 for some
7 > 0. This implies for all # > 7 that g(¢) = 1.

Lemma 3 shows that b(7) converges to some by,. Given that g(¢) =1 > g, it follows
from Assumption 1(iv) that by, > 0. Thus, for ¢ > 7 large enough, c¢(¢) — y — iby < y.
Hence, there exists s > 7 such that c¢(¢) < y for all ¢ > s. This implies that V'(s) <
u(y)/(r + €), a contradiction of Lemma 1, and, thus, there exists ¢ such that F,(¢) > 0.

Next define s = inf{t > 7|F,(¢) > 0}. The previous result guarantees that such an s is
finite. Suppose that V' (s) > V' (0). The continuity of V' implies there exists A > 0 such
that V'(¢) > V(0) for all ¢ € [s, s + A]. Optimization then implies F;(s + A) = 0. From the
definition of s, F,(s~) = 0. Therefore, since (1 —F,.(s+A)) =(1—F.(s7))(1 - F,(s+A)),
then F.(s + A) = 0. This contradicts the definition of s, and, thus, V' (s) = 1V (0).

Step 4. Forall >0, V(1) =V (0). Steps 1-3 establish that if ' (7) > 1" (0) for any 7 > 0,
there must be an open interval containing 7, (s, s+ A), such that V(s) =V (s+A) =1V (0)
and V() > V(0) for all ¢ € (s,s + A). (That is, the function ¥ must have a continuous
“hill” containing 7.) Since V' (¢) > V'(0) for all ¢ € (s, s+ A), optimization implies F,,(n) =
0 for all (m, n) € (s, s + A)? with n > m. This implies (for ¢ € (s, s + A)) that

s+A
Q(t) :/ e—(i+)\)(m—t)(l-+ )\)dm + e—(i+/\)(s+A—t)q(S+A) =1— e—(i+A)(x+A—t)(1 _ q(S+A))
t

Since g(s+ A) < 1 (from the positive probability of default at some time shown in Step 3),
q(t) is a continuous strictly decreasing function on (s, s + A).
Next we show that b(7) is weakly increasing on (s, s + A). We proceed according to the
following steps.
(i) First, we show that if for some m € (s, s + A), b'(m) < 0, then b'(n) <0 for all
n € (m,s+A). Toward a contradiction here, let there be such an n for some m. Let
71 be such that 7 = min{¢|b'(¢) =0, m < t < n}. Note that 7 exists and 71 € (m, n],
by the existence of b'(n) > 0 and b'(m) < 0 and the continuity of H (Assumption 1
part (i)) together with both g and b continuous. This implies that b'(#) < 0 for
all ¢ € (m, n) and, thus, b(71) < b(m), from the integral form (9). Given that q is
strictly decreasing on this interval, it follows that H(b(n), g(n)) < H(b(m), g(m))
by Assumption 1 parts (ii) and (iii), and, thus, H(b(n), g(i)) < 0, violating that
b'(n)=0.
(i) The above discussion implies that if b'(m) < 0 for m € (s, s + A), then b'(n) <
0 for n € (m, s + A), and, thus, debt is decreasing over the rest of the interval.
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That H(b(?), q(¢)) <0 implies in addition that c(¢) = C(b(t), q(t)) <y — ib(t) —
A(1 — g())b(¢) over the interval. Using that g(¢#) < 1 and that b(¢) > 0 (by our
equilibrium restriction), we have then that ¢(¢) < y for t € [m, s + A).

But note that for all m € (s, s + A),

s+A

V(m)= / e y(e(r)) — (r+ eV (0)] dt +V(0). (20)
If c(¢) < y for all t € [m, s + A), then [u(c(t)) — (r + €)' (0)] < 0 for all such ¢.
This contradicts V' (m) > V7 (0).

Thus, b'(t) > 0 for all ¢ € (s, s + A), or b(7) is weakly increasing on the open

interval.

(iii) Now we argue that c(7) is weakly decreasing on (s, s + A). To see this, for #, < #;
in the interval, we have

c(ty) =y — ib(ty) + q(t0)H (b(1y), q(to)) — A(1 — q(1)) b(y)
>y —ib(t) + q(t)H(b(ty), q(1)) — A(1 — q(1))b(1r)
>y —ib(t) + q(t)H (b(t), q(1)) — A(1 = q(1))b(1),

where we used that b(7) is weakly increasing and g(7) is strictly decreasing in
the interval together with H > 0 (debt is weakly increasing), b > 0 (equilib-
rium condition), and g < 1. Then Assumption 1 parts (ii) and (iii) imply that
H(b(t), q(t))) > H(b(t)), q(t;)) and, thus, c(f) > c(4).

(iv) Finally, we know that

s+A
V(s)=V(0) = / eI u(e(r)) — (r+ eV (0)]de + 1V (0), (21)

which implies [*** e~ C+9¢[u(c(1)) — (r + €)V (0)] dt = 0.
That V' (¢) > V(0) for any ¢ € (s, s + &) implies that ftHA e~ rOU=Dy(e(t)) —
(r+e)V(0)]dt > 0and fst e~ IOy (c(t)) — (r +€)V(0)] dt <0, as their sum is
zero. But these relationships mean that there is a # € (s, ¢) such that u(c(%)) <
(r+€)V(0) and there is a t; € (¢, s + A) such that u(c(t,)) > (r + €)1 (0).
Step (iv) contradicts step (iii) that requires c¢(7) weakly decreasing on (s, s + A). Thus,
there cannot be a 7 > 0 such that V' (1) > 17 (0).

APPENDIX E: PROOF OF LEMMA 2

Consider such a 7 and A. The fact that the opportunistic type is indifferent between
defaulting or not in [7, A] implies that

T+A
/ [u(c(t)) — (r+e)V] dt=0

for any A’ € (7, A], which implies that u(c(¢)) = (r 4+ €)V a.e., implying the result.
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APPENDIX F: PROOF OF PROPOSITION 4

Consider the set 4 = {r > T|F.(7) < 1}. Let B denote the complement set B =
[T, 0o0) — A. The right continuity of F requires that T € B. We consider two cases.

Case 1. Suppose first that the measure of set B is finite (so the set 4 is nonempty).
Then this implies that for all 7 € A, ¢* > y and, thus, debt must be strictly increasing at
a rate with a strictly positive lower bound at these points. For all 7 € B, debt can at most
decrease at rate A. Given that the measure of set A is infinite, debt must eventually cross
any finite upper bound.

Case 2. Suppose next that the measure of set B is infinite. That means we can al-
ways choose K large enough such that the interval [T, K) can be partitioned into a fi-
nite number of nonempty and disjoint (and ordered) intervals By, 4, B,, ..., B, 1, where
F.(r)=1forall 7 € B;and F.(1) < 1 for all 7 € 4;. Every subinterval A4; has nonempty in-
terior: more precisely, if 7 € A4, there exists an open interval with elements strictly higher
than 7 that is also a subset of A;. This follows from the right continuity of F and the
Markov requirement (2). Within each of these intervals, ¢* > y, and, thus, debt b(7) is
positive and growing in time. As a result, g must be strictly increasing within these inter-
vals, given our assumptions on H.

For all 7 in B;, we have that ¢°(r) = 0 by definition (7). Consider 7, < 7, with
71, T2 € Int(B;) (that is, in the interior of B;). Note that for any point in the inte-
rior, p(1) = p(t7) = 1 and q(7) = ¢°(7). Letting g(7) = q¢°(7) — iﬁj‘rﬁ, we have that
q(7y) = "= g (7)) from the integral form of ¢°. Given that ¢ > :Xia’ q° (and,
thus, also g) is nondecreasing in the interior of the interval.

Let us consider now a point 7, at the boundary of A4; and B;,;, with 7y € B;,;. At this
point p(7y) =1 and g°(7, ) = q°(7) = 0. Continuity of g° guarantees that the price cannot
jump down at the boundary. Alternatively, if 7, is at the boundary of B; and A;, with
To € By, then again p(7y) = 1 and ¢°(7y) = 0. Given that p(7) cannot jump down when
it equals 1, it follows then that g cannot jump down at the boundary. The cases A; and
B;, 1 with 7y € A; are impossible from the discussion earlier. So finally, consider 7, at the
boundary of B; and A;, with 7y € A;. This implies that B; has nonempty interior (it cannot
be a singleton). Thus, p(7) =1, and g(7) = g°(7) for T € B; U {7}, and, thus, the price is
constant to the left of the boundary inclusive of the boundary point (and increasing to the
right).

Taken together, the price is monotonically nondecreasing over time. If g.(79) > - ﬂia
for some 7y > T, then g(7) grows at a rate given by i + A + 6 whenever it is in the interior
of B; for 7 > 7. Because B is of infinite measure, sufficiently large K will guarantee that g

crosses above 1. Thus, g.(7) = - Jia for any 7 € B;. Monotonicity of g and a B of infinite
measure then imply that g(7) = - ﬁia for all 7 > T. But a constant price is inconsistent

with a nonempty 4.
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