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Abstract

We provide a general sufficient theorem to solve the delegation problem with and without
money burning. For interval allocations, our main theorem relaxes the conditions obtained in
previous literature. Significantly, our theorem extends beyond this, successfully addressing
cases with discontinuous allocations. We demonstrate the theorem’s power through exam-

ples, connecting with existing results and uncovering novel optimal allocation structures.

1 Introduction

In the standard delegation problem, a principal must decide how much discretion to grant to an
agent who chooses an action. The trade-off confronting the principal is that the agent has su-
perior information about the state of the world but is biased (i.e., does not share the principal’s
preferences). A defining feature of the delegation problem is that the principal is unable to use
contingent transfers to shape the agent’s incentives; thus, in the standard formulation, the prin-
cipal selects a set of permissible actions from the real line, and the agent picks an action from this
set. For example, the principal may utilize “interval delegation” whereby the set of permissible ac-
tions is an interval. Alternatively, the set of permissible actions may contain only a finite number
of distinct actions. Hybrid sets that include distinct actions and intervals are also possible.

The delegation model begins with Holmstrom (1977) and is now a workhorse model in eco-
nomics. The applications of the delegation framework are wide-ranging and include consumption-
savings (Amador, Werning, and Angeletos, 2006), regulation (Alonso and Matouschek, 2008;
Amador and Bagwell, 2022; Kolotilin and Zapechelnyuk, 2024), veto bargaining (Mylovanov,
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2008; Kartik, Kleiner, and Van Weelden, 2021), tariff caps (Amador and Bagwell, 2013), fiscal rules
(Halac and Yared, 2014, 2022; Sublet, 2023), and quality certification (Zapechelnyuk, 2020), for ex-
ample. Given this breadth of applications, a central goal for the delegation literature has been
to determine general sufficient conditions under which interval delegation is optimal among all
incentive-compatible allocations. Melumad and Shibano (1991), Alonso and Matouschek (2008)
and Amador and Bagwell (2013) provide findings of this kind.

Amador and Bagwell (2013) analyze the optimality of interval delegation in the context of
a general representation of the delegation problem.! The agent’s action is taken from an inter-
val on the real line, the state has a continuous distribution over a bounded interval on the real
line, the principal’s payoff function is continuous in the action and state and twice differentiable
and concave in the action, and the agent’s welfare function is twice differentiable and concave
in the action with the state entering this function in a standard multiplicative fashion. Using
and extending the Lagrangian methods developed by Amador, Werning, and Angeletos (2006),
Amador and Bagwell provide sufficient conditions for optimal delegation to take the form of in-
terval delegation. They also identify a preference family under which their sufficient conditions
are necessary for the optimality of interval delegation.

Although the applications for interval delegation are extensive, several important applications
feature other forms of delegation. As Saran (2024) discusses, volunteer organizations, such as hos-
pitals, can offer volunteers only predetermined shifts, and charities can have donation campaigns
that feature a finite menu of suggested donation amounts. The resulting allocations are discon-
tinuous with respect to the agent’s information or type. Sufficient conditions for the optimality
of discontinuous allocations are less well understood, although the early work by Melumad and
Shibano (1991) provides results for a specific setting (quadratic preferences, uniform distribution).
As discussed in the following, Saran’s recent work also provides sufficient conditions.

In this paper, we extend the Lagrangian approach and provide general sufficient conditions
for optimal delegation. We capture Amador and Bagwell (2013) sufficient conditions for the opti-
mality of interval delegation as a special case, but crucially, our analysis is not limited to settings
in which interval delegation is optimal. We also provide sufficient conditions for the optimality
of incentive-compatible allocations that are discontinuous. Thus, for example, we provide suffi-
cient conditions for the optimality of incentive-compatible allocations that are induced when the
permissible set is comprised of a finite number of actions. In addition, we provide sufficient condi-
tions for the optimality of incentive-compatible hybrid allocations that arise when the permissible

set of actions features a combination of distinct actions and intervals. The key methodological

! Amador and Bagwell report their results both when money burning (that is, throwing away resources) is in-
feasible, as in the standard delegation problem, and when money burning is allowed. For conditions under which
optimal delegation entails actual money burning, see Ambrus and Egorov (2017) and Amador and Bagwell (2020).



innovation is extending the Lagrangian approach to handle discontinuous allocations through
carefully constructed multiplier functions.

To develop these findings, we begin by considering “escalators-and-stairs” allocations. An
escalators-and-stairs allocation partitions the space into a finite number of intervals. Within each
interval, either (i) all types are allocated the the same action (pooling), or (ii) each type receives
their preferred or “flexible” action (separation). Restating a result by Melumad and Shibano (1991),
we show that an escalators-and-stairs allocation is incentive-compatible if and only if it satisfies
the properties that (i) adjacent pooling intervals entail an upward jump at the indifferent type,
and (ii) adjacent intervals such that one separates and one pools are continuous with the pooling
action thus corresponding to the flexible action for the boundary type.

We next characterize the necessary conditions for an escalators-and-stairs allocation to be
optimal within a restricted class of incentive-compatible escalators-and-stairs allocations. The
restricted class shares a common partition with the same intervals of separation and pooling. We
associate these restrictions with a finite set of scalar multipliers and characterize the first-order
conditions using these multipliers.

Armed with these results, we then proceed to our final step and characterize in Theorem 1
sufficient conditions under which a given incentive-compatible escalators-and-stairs allocation is
optimal among the class of all incentive-compatible allocations. To do so, and following Amador,
Werning, and Angeletos (2006) and Amador and Bagwell (2013), we construct (cumulative) multi-
plier functions where the independent variable is the type. As we show, these multiplier functions
can be defined in terms of scalar multipliers for the restricted problem just described. To apply
Theorem 1, one simply presents a candidate solution that is an incentive-compatible escalators-
and-stairs allocation. For the associated pooling and separation intervals, the sufficient conditions
then indicate the properties to be satisfied by the welfare functions of the principal and agent and
also the distribution function. Importantly, our sufficient conditions can thus be used to address
the optimality of interval allocations, pooling allocations that entail a finite number of distinct
actions, and hybrid allocations that include both intervals of pooling and separation.

We also use Theorem 1 to characterize sufficient conditions for the optimality of various spe-
cific allocations, including those featured in the previous literature. We show that Theorem 1
relaxes Amador and Bagwell (2013) sufficient conditions for the optimality of interval delegation.
An interval allocation is an escalators-and-stairs allocation with an interval partition of at most
three regions, where in the case of three regions, the middle region entails separation, and the ex-
terior regions involve pooling (at the floor and cap, respectively). We also consider the optimality
of an extreme one-step allocation, which in our context is an escalators-and-stairs allocation that
allows for exactly two actions and thus induces two pooling regions with an upward jump at the

indifferent type. Melumad and Shibano (1991) provide sufficient conditions for the optimality of



this allocation in linear-quadratic payoffs and uniformly distributed types. We show that Theo-
rem 1 also provides these sufficient conditions as a special case. As a further illustration of the
reach of Theorem 1, we consider a specific hybrid example in which the optimal allocation has
both separating and adjacent pooling regions. Finally, we consider an extension of the hybrid ex-
ample to preferences that fall outside the family of preferences identified by Amador and Bagwell
(2013) and emphasized in subsequent work, thus confirming that the applicability of Theorem 1
extends beyond this preference family.

Three recent contributions are important to mention. Kolotilin and Zapechelnyuk (2024)
present a clever argument that maps the delegation problem (with or without a participation
constraint) to an optimal persuasion problem. Kleiner, Moldovanu, and Strack (2021) show how
to use powerful tools from majorization to solve the delegation problem. These two papers have
significantly expanded the set of tools available to tackle delegation problems.” Our paper com-
plements and provides an alternative approach. Relying on our Lagrangian approach, we uncover
similar results as these papers do, but as noted in certain cases, we can go beyond the family of
preferences that both of these papers rely on.” Finally, Saran (2024) considers a general delegation
problem with a participation constraint and establishes conditions under which the optimal allo-
cation has a finite number of jumps. He also numerically solves for the optimal allocation under
specific utility functions. Our approach differs in that we use a Lagrangian approach to provide
general analytical characterizations of optimal allocations for a setting without a participation
constraint.

As a further extension of our analysis, we extend our sufficient condition to the case where
money burning is feasible. In this way, we establish the optimality of escalators-and-stairs allo-
cations even when money burning is feasible. The extension of our results follows the approach
used by Amador and Bagwell (2013) in establishing conditions for the optimality of interval allo-
cations when money burning is feasible.

The remainder of the paper is structured as follows. Section 2 presents the model. Sections
3 and 4 present the types of allocations that are incentive-compatible (escalators-and-stairs) and
discuss the necessary conditions. Section 5 presents the sufficient conditions and our main result,

Theorem 1. Section 6 discusses the results and relates our findings to the literature. Section 7

Both of these papers allow for stochastic mechanisms. Kartik, Kleiner, and Van Weelden (2021) in their analysis
of delegation in veto bargaining also study stochastic mechanisms. The use of stochastic mechanisms is related to
the value of money burning in a delegation setting. For previous work featuring money-burning considerations, see
for example Amador, Werning, and Angeletos (2006), Amador and Bagwell (2013), Ambrus and Egorov (2017), and
Amador and Bagwell (2020).

*Kleiner (2022) is also relevant. He extends the delegation literature to multidimensional settings under the as-
sumption that stochastic mechanisms are available. Our approach is again complementary and utilizes an alternative
Lagrangian approach. For the single-dimensional setting, we also report results that go beyond the family of prefer-
ences assumed by Kleiner.



concludes.

2 Model

We consider a standard delegation problem with a principal and an agent allowing for the pos-
sibility of money burning. The principal has a payoff function given by w(y, 7) — t, while the
agent has a payoff given by yx + b(xr) — t. The value of 7 represents an action or allocation, and
the value of y represents a state or shock that is private information to the agent. The value of ¢
represents a money-burning action which generates losses for both parties that we normalize to
be equal without loss of generality.

The agent observes the state or type y € I' = [y,y] with y > y drawn from a continuous
distribution F with an associated continuous density}. The action 7 is chosen by the agent from
a feasible set IT = [0, 7] with 7 > 0 denoting the maximum possible action. For the remainder of

the paper, we impose the following conditions.

Assumption 1. The following holds: (i) the function w : I' X II — R is continuous on
[' X II; (ii) for any yy € T, the function w (yo, -) is concave on I1, and twice differentiable on
(0, 7); (iii) the function b : II — R is strictly concave on I, and twice differentiable on (0, 7);
(iv) there exists a twice differentiable and strictly increasing function 7/ : T — (0,7) such that
7 (yo) € argmax,ery {yor + ()} for all yy € T; and (v) the function wy : T X (0,7) — R is

continuous on I X (0, ), where w, denotes the derivative of w in its second argument.

Note that 7/ (y) denotes the agent’s preferred action given the private information y. As-
sumption (iv) restricts attention to preferences such that 7y is strictly increasing in y.

In the delegation problem, the principal does not observe the realization of the type y. How-
ever, the principal can restrict the choice set of the agent. As is standard, we write the principal’s
problem as a mechanism design problem. The principal chooses an allocation (s,t) which is a
pair of functions 7 : I' — [T and t : I' — R that determine the action and the amount of money
burned given the private information of the agent. The goal is to choose (7, t) so as to maximize

the principal’s welfare function subject to the incentive constraints of the agent:



max / (wly. (1)) = t(y)f(y)dy  subject to: 1)
{mt} JT
y € arg r;lgrx {ym(p) +b(m(y)) —t(y)}

t(y) 20,Vyerl

where the constraint is an incentive-compatibility constraint that arises since the agent is pri-
vately informed of the value of y. It follows from the supermodularity of the agent’s payoff that
an incentive-compatible allocation sr(y) must be non-decreasing in y. We refer to Problem (1) as
the problem with money burning.

We also consider the problem where money burning is ruled out by assumption, which cor-

responds to the above problem with the additional constraint:
t(y)=0,Vyerl (2)

We refer to Problem (1) with this additional constraint as the problem without money burning.

A particularly simple allocation is the “interval allocation.” Amador and Bagwell (2013) ob-
tain general sufficient conditions for interval delegation to be optimal with and without money-
burning. This corresponds to a case where the optimal allocation does not burn any money and
a* is defined by y; < yy such that #*(y) = #f(y) fory € [yr.yu] € T, x*(y) = #f(y;) for
Y < v, and *(y) = 2/ (yy) for y > yr. Our goal in this paper is to obtain sufficient conditions
for other allocations that do not burn money to be optimal, including those that are not of the

interval form.

3 Escalators and stairs

We now define the class of allocations we study. Consider an interval I' ¢ I'. We say that an
allocation s separatesin T if 7 (y) = 7/ (y) for all y € T. We say that an allocation pools at 7 in T
if m(y) = wforally e T.

An allocation s lies within the “escalators-and-stairs” class if there exists a finite partition of
[T}, with T} = [a;,a541) CTfori € {1,...,n—1} and T, = [ap, ans1] C T and a; < a;44, such
that Uje(y,_nI; = I’ and for every i € {1,...,n}, & either separates or pools in I;. It is without
loss of generality to consider allocations within this class such that no two adjacent intervals are
separating, and no two adjacent intervals are pooling at the same action (otherwise, we could

merge them into one). We maintain these requirements in what follows.



Figure 1: An escalators-and-stairs allocation.
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Note: The p; notation showcased in this figure is explained in Section 4.

Absent money burning, incentive compatibility imposes additional restrictions on an “escalators-

and-stairs” allocation. In particular, consider the following condition:

Condition 1. An escalators-and-stairs allocation st with the associated interval partition

{T, Iy, ..., T} satisfies:

(i) For any two adjacent intervals I}, T}y that are pooling at r;, miq respectively, m; < Tiyq

and yr; + b(m;) = ymis1 + b(7iy1) fory = ajiq.

(ii) For any two adjacent intervals I}, I, such that one of them separates and the other one

pools at 7, it must be that w = 7/ (y) wherey = a;;.

Note that part (i) of Condition 1 necessarily requires that for two adjacent intervals that pool
at 7r; and m;41, respectively, it must be 7; < e (y) < mipq for y = ajyq.

Figure 1 illustrates an escalators-and-stairs allocation. For the types in I, the allocation re-
quires pooling at the action ;. Separation is then specified for the types in I'; with each type
thus selecting its flexible action, which, as the figure suggests, can be envisioned as moving up
an “escalator.” The allocation then requires pooling at the action 3 for types in I3. As required by

part (ii) of Condition 1, notice that the allocation is continuous at the lower and upper boundaries



of the separating region I. In contrast, and as required by part (i) of Condition 1, a jump in the
allocation occurs at type a4, with this type being indifferent between pooling at 73 and 74. As
illustrated in the figure, a jump between two pooling regions gives the appearance of moving up
“stairs.” For the types in I}, observe that the pooling action 74 is above (below) the flexible action
for lower (higher) types. Finally, another upward jump in the illustrated allocation occurs at type
as, with type as being indifferent between pooling at 74 and 7.

A first result, a restatement of Melumad and Shibano (1991) in our notation, states that Con-

dition 1 is necessary and sufficient for incentive compatibility:

Proposition 1. An escalators-and-stairs allocation s, with t = 0, is incentive-compatible if
and only if it satisfies Condition 1.

Proof. Although Melumad and Shibano (1991) already proved this, we provide a proof in Appendix B.2

for completeness. O

Before moving on to characterize sufficient conditions for an escalators-and-stairs allocation
to be optimal within the set of all incentive-compatible allocations, it is helpful first to focus on

optimality within the set of incentive-compatible escalators-and-stairs allocations.*

4 Optimality within escalators-and-stairs

In this section, we derive the necessary conditions that must be satisfied for an escalators-and-
stairs allocation to be optimal within a certain subset of all incentive-compatible escalators-and-
stairs allocations.

Given an interval partition {I;},, we define the vector p = {p;}, to be such that p; = 1
if the allocation pools in I} and p; = 0 otherwise. We denote as r; the action level at which the
allocation pools in I} and let 7; = 7 (y).

Recalling that no two adjacent intervals can separate, we let

P, = {p € {0,1}"| such that p; = p;+; = 0 for no i}.

%It is possible to show that an incentive-compatible escalators-and-stairs allocation is uniquely determined by
knowing how the allocation separates and pools in a partition and the action assigned to the lowest type if there is
no separating interval. This is shown in Lemma 2 in the Appendix.



Then we have the following requirements for a valid partition:

a1 = ¥;ane1 = Y;
a; € I';a;41 > a;; and (3)

Vie{1,..,n}:
m €1l lfpl =1.

Together with Condition 1, incentive-compatible escalators-and-stairs allocation are then de-

termined by the following restrictions:

= ﬂf(am), if p; = 1, pis1 = 0;

Tela; = Tit+1, if iZO, i =1;
Vie{l,..n—1}: rlain) = i pi="0Pm @)

ai1 7 + b(m) = a1 7miva + b(7igq), if p; = piy1 = 1;

Tiy1 > T, ifpi=pir1=1;

The constraints in the first line of (3) are just that a; represents a valid interval bound, that
the subsets of the partition be nonempty, and that 7; be feasible. The constraints in the first and
second lines of (4) are part (ii) of Condition 1, which applies to pooling and separating regions
that are adjacent. The next two lines are part (i) of Condition 1.

Given {a;, m;}?_, and a vector p € Py, the objective of the principal can then be written as

Ptamilp = ) (o [ v stars a-po [ st monso)

i=1

where we have re-arranged the expected payoff to the principal by first summing over the payoff
in the pooling subsets, and then adding the payoff in the separating subsets.

An escalators-and-stairs allocation that is optimal within the set of all incentive-compatible
allocations must also be optimal within the set of escalators-and-stairs allocations that share
partitions with the same number of subsets and the same vector p. Thus, an optimal escalators-

and-stairs allocation must be a solution to

max P({a;, 7; 11p) subject to (3) and (4). (5)

{ai,m; i=1

For a given action level 7, it is useful to define y; as y; = —b'(m;). If m; € [7¢(y), n¢(y)], then
yi corresponds to the type in I such that ; = 7/ (y;), i.e. the type at which 7; coincides with the

agent’s preferred action. This naturally leads to the following necessary condition:



Condition 2 (Necessary Condition). There exists {A;}/! € R such that for all p; = 1 (pools):

O [ war i )y = i @ = 1) = At = ).

(i) Dy = (WGt Tet) = W@ T)) ) yppyg = 1

with /11 = /1”.'.1 =0.

Condition 2 part (i) indicates that, in a pooling region, the optimal choice of 7 balances two
effects. The first is the direct marginal effect on payoffs for types in the region; this corresponds
to the integral on the left hand side. The second corresponds to the effects of this change in
adjacent intervals. The values of A on the right-hand side represent the Lagrange multipliers of the
incentive compatibility constraints for these intervals. If an adjacent interval is separating, then
the incentive compatibility constraint holds automatically. To see this, recall from our definition
of y; that y; = —b’(x;), and thus, if an adjacent interval is separating, then either a;;; = y; or
a; = y;. If an adjacent interval is not separating, then the corresponding value of A is pinned
down by the value in part (ii).

We can now state the following lemma.

Lemma 1. Given p = {p;} | € Py, {a, n}_, solves Problem 5 only if {a}, )}, satisfies
(3) and (4) and Condition 2 holds.

Proof. In Appendix B.3. O

5 Sufficient conditions for optimality

Next, we will determine the conditions under which an allocation with interval partition {I;}!_,
and vector p solves Problem (1) with and without constraint (2).

Related to Amador and Bagwell (2013), for the problem without money burning, that is Prob-
lem (1) with the additional constraint (2), we define k(y) as

k(y) = inf {Wﬂ”(y’ ”)}, (6)

mell b” (]T)

forally e T.

10



For the problem with money burning, that is Problem (1), we define k(y) as
() = min {ing {204,

forally €T.

Given a function k(y), we define the following function G(y):

Y
G(y) = / () F()dy.
Y

We will assume that this function is well defined.’

We are now ready to state the main sufficient condition in the paper.

(8)

Condition 3 (Sufficient Condition). Given the escalators-and-stairs allocation st with inter-

val partition {I3}!_ there exists {/1,'}?:11 with A1 = A,41 = 0 such that

(c1) Ifp; = 0, then
G(y) —wr(y, mr () f(¥)

is non-decreasing Vy € I;.

(c2) If p; = 1 then
/ a7 (DT = Aeea (@t — 1) + (s — a1,
ory e [aar):
/ " wa ) ) = A dF 2 (= 1) [Gr) - G,

fory e ;N (yi, ain1]:

/ " [wa o W F @) = Al 47 < (7 = 1) [Glawns) - G,
Y

and ifal- <Yi < aj+1:

G(ai) — A £ G(air1) — Ain

(©)

(10)

(11)

(12)

In Amador and Bagwell (2013), ¥ was constrained to be a constant, independent of y. Our new definition of x(y)

relaxes their results even when applied to interval delegations.

11



(c3) If p1 =0, or p1 = 1 and y1 = ay, then wx(y, m¢(y)) f (y) < 0.
(c4) If pn = 0, or pp = 1 and yn = any1, then wy(y, ¢ (y)) f (y) 2 0.

where p = {p;} | € P, is the vector associated with the pooling indicators, {a;, m;}_, is the
pair of vectors associated with the lower bounds of the interval and the pooling actions, and G

is defined by (8) given k.

Condition 3 contains several parts. Part (c1) applies for intervals where the allocation sepa-
rates. Part (c2) applies in intervals where the allocation is pooling. And parts (c3) and (c4) apply
to the lowest and highest regions in the partition.

With this, we can now state the main result:

Theorem 1 (Sufficiency). Consider an incentive-compatible escalators-and-stairs allocation

7t with associated partition {T;}_,.

(a) (No money burning) If Condition 3 is satisfied with x(y) given by (6), then the allocation
7t solves the problem without money burning, that is, Problem (1) with the additional

constraint (2).

(b) (Money burning) If Condition 3 is satisfied with x(y) given by (7), then the allocation 7

solves the problem with money burning, that is, Problem (1).

Proof. In Appendix B.4. O

To prove this theorem, we follow and extend the Lagrangian approach developed by Amador
and Bagwell (2013). Consider the case with money burning. Our proof proceeds through five
steps. First, we reformulate the agent’s incentive constraints in integral form, along with a mono-
tonicity restriction. Since money burning must be non-negative, this introduces an additional
inequality constraint for all y € T'. Second, we propose a Lagrange multiplier function for this
constraint. Given an escalators-and-stairs allocation, we must establish three properties of this
multiplier: (i) it is non-decreasing, (ii) it satisfies complementary slackness, and (iii) the proposed
allocation maximizes the resulting Lagrangian over all non-decreasing allocation rules. Third, we
apply Condition 3 to verify that our proposed multiplier is indeed non-decreasing. Fourth, we es-
tablish that the Lagrangian is concave over the set of non-decreasing allocations s, which ensures
the validity of the first order approach we use next. Finally, building on Amador, Werning, and

Angeletos (2006), we derive the first-order conditions for the Lagrangian maximization problem

12



and verify that these conditions are satisfied at our proposed escalators-and-stairs allocation.

Differently from both papers, here we have to deal with a possible discontinuity of the allo-
cation sr, which corresponds to points where the allocation jumps between two pooling regions.
We solve this by proposing a multiplier that is continuous at these jump points in the alloca-
tion. The proposed multiplier is however not continuous everywhere, and has discontinuities at
{a;}*! and potentially at the y; points. These jumps must be positive, as the multiplier must be
non-decreasing. The main arguments in the proof show that Condition 3 guarantees that such a
multiplier can be constructed.

The case without money burning is very similar. The main difference is that, as in Amador
and Bagwell (2013), the no money burning constraint requires imposing two inequality conditions
with two associated Lagrange multipliers. The conditions of the theorem again guarantee that

such multipliers can be constructed.

6 Discussion of results

Theorem 1 shows that Condition 3 is sufficient for an escalators-and-stairs allocation to be optimal
within the set of all incentive-compatible allocations.
Before moving on, it may be helpful to discuss the role of money burning in the analysis

above. Suppose that the preferences of the principal can be written as:
w(y, ) = 0w(y, 7).

for some scaling parameter 6.

Without money burning, changes in 6 have no effect on Condition 3, as both x, w, and G (and
the corresponding multipliers {4;}) scale proportionally with . This is as expected: 6 is just a
scale parameter.

However, in the presence of money burning, an increase in 6 is no longer innocuous. To see

this, note that we can rewrite the principal’s preferences as
9(@(% ) - t/e)

and thus a higher value of 0 effectively makes money burning less costly to the principal. An
increase in 6, say from a benchmark value of 1, no longer scales G in the same manner as w, as

k is capped from above by 1. The sufficient condition then becomes harder to satisfy.

13



As a final point, it is interesting to note that if

Wir (Y, 7T)

W <1 (13)

for all y, then the sufficient condition is the same whether money burning is allowed or not.

6.1 Necessary conditions for optimal delegation

Condition 3 provides sufficient conditions for global optimality. As a consistency check, Condi-
tion 3 should imply Condition 2 (necessary conditions for a restricted problem). In this subsection,
we verify that this is indeed the case, and that the values of {A;} in Condition 3 can be used in
Condition 2. This subsection also uncovers an additional preference restriction that is implied by
Condition 3.

First note that if Condition 3 holds for some {Ai}?:ll, then part (i) of Condition 2 holds for the
same {A;}"*] given that (9) holds.

In Appendix A we show that Condition 3 can only be satisfied for p; = p;4; = 1 if:

me(ai+b 77) _

V) k(ais1) (14)

Ve [7[1', 7l'l'+1] and I, Tiyq s.t. Pi = pit1 = 1.

With this, in Appendix A we show that Condition 3 then implies part (ii) of Condition 2, as

expected. °

No money burning. In the absence of money burning, (14) is immediately satisfied for the

W (,77)
brr (7[)
satisfied for the family of preferences such that the principal’s payoff takes the form

family of preferences with the property that is constant for all y and n. That is, (14) is

w(y, m) = A[b(x) + B(y) + C(y)~] (15)

for some constant A > 0 and functions B and C. Following Kolotilin and Zapechelnyuk (2024),

we refer to this family as the linear family.”

%A reader may ask themselves how the “marginal” conditions in Condition 3 can ever imply the “global” condition
in Condition 2 part (ii). The answer is that Condition 3 implicitly requires preferences such that the marginal indeed
implies the global.

"This family of preferences is identified by Amador and Bagwell (2013) and plays a special role in their analysis
when they generate conditions that are also necessary (and not just sufficient) for interval delegation to be optimal.
The preferences in Amador, Werning, and Angeletos (2006) fall into this class. This preference family is the one for
which Kolotilin and Zapechelnyuk (2024) obtains sufficient and necessary results mapping delegation problems into
persuasion problems. In their paper using majorization tools in economic applications, Kleiner, Moldovanu, and

14



The result in our theorem is more general than imposing this family from the get-go, as it only
requires this “linearity” in preferences to occur at values of y where the allocation discontinuously
jumps and only then for a subset of values of 7 (the values of 7 within the jump in the proposed

allocation).

Money burning. In the case with money burning, (14) requires that w,, (a1, 7)/b” () be a
constant weakly lower than 1 for 7 € [, m;41] (a result that follows from the definition of x
for the case with money burning). So for example, our theorem provides conditions for optimal

allocations where the principal’s preferences are given by

w(y, m) = A(y)[b(r) + B(y) + C(y)r]

where A(y) is restricted to be lower than 1 at the y points where the allocation jumps and poten-
tially unrestricted everywhere else (as long as the rest of the sufficient conditions are satisfied).

Both Kolotilin and Zapechelnyuk (2024) and Kleiner, Moldovanu, and Strack (2021) analyze
cases without money burning, but where the allocation is allowed to be stochastic. It is well
known that making the allocation stochastic is akin to introducing money burning, as the con-
cavity of the payoff functions implies that this randomness generates a loss to both the principal
and the agent. Given that we have normalized the money-burning cost in payoffs to be the same
for both the principal and the agent, money burning corresponds to stochastic mechanisms only
when A(y) = 1 for all y. Note that in this case, the inequality (13) holds for all y. This implies that
whether or not we allow for stochastic mechanisms does not alter the sufficient conditions.

However, as we discussed above, if A(y) were to be scaled up by a factor 6 > 1, then money
burning would be less costly than a corresponding stochastic mechanism, and one would expect
the sufficient Condition 3 to become harder to satisfy.®

This discussion makes clear that our theorem covers cases with money burning that are not

contained in previous results in the literature.

6.2 The conditions for interval delegation in AB

Amador and Bagwell (2013) obtained sufficient conditions for an interval allocation to be optimal.
We can represent an interval allocation as an escalators-and-stairs allocation with an interval

partition of at most three regions, where one region separates, the others pool, and the two

Strack (2021) also argue that their approach can be extended to the delegation problem with these same preferences
(see footnote 40). Kleiner (2022) also restricts attention to this preference family (with B(y) = 0) to characterize
optimal delegation in multidimensional settings.

8We provide such an example in Section 6.5.
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regions that pool cannot be adjacent. The separating region corresponds to the interval of actions
that are offered to the agent, while the pooling regions represent the constraint that actions
outside the interval are not allowed.

Let us focus on the case where the interval allocation is generated by just an upper bound
on the action. In this case, the partition contains just two intervals I} and I; where p; = 0 and
p2 = 1. In this case, a; =y, a3 = y; and we let yg = a, (for comparison with Amador and Bagwell,
2013). Incentive compatil;ility implies 7, = 77(yy), and it follows that y; = yy.

We can now apply Condition 3 to this case. Part (c1) requires that

Y
/ k(Y)f(7)dy = wx(y, 77(y)) f(y) be non-decreasing in y € [y, yn) (16)
Y

Part (c3) requires that
wx(y, (Y f(y) <0 (17)

Part (c2) at i = 2 becomes

Y
/ we (7 7 () £ (7)) = 0 (18)

YH

using that A3 =0 and a; =y, = yg.
By part (c2), inequality (11), we have

13
[ el D D} a7 < (v = 1 [6) - G fory € Tn (Tl 19
Y
We can summarize (18) and (19) with
v Y ) o 3
(=i [ xDFD7> [ wn (7)) £ for y € inT 20)
Y Y

with equality at y = yg. The rest of the parts in Condition 3 do not apply.

We now show that conditions (16), (17) and (20) represent a relaxation of the conditions ob-

tained in Amador and Bagwell (2013) for the optimality of a cap allocation. In Amador and Bag-
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well (2013), the conditions for this case are:

RF(y) — wx(y, 7¢(y))f(y) be non-decreasing in y € [)_/, YH), (21)
Y
(= k(1 = F(p)) > / we (7 77 (vi)) F(§)df for y € [y 7, 22)
Y
Wy, 7 () F(Y) <0, (23)

where k in Amador and Bagwell (2013) was effectively defined as

Kk =inf k(y).
yer
It is straightforward to show that if conditions (21), (22), and (23) hold, then (16), (17) and (20)
also hold. The converse is not true. This highlights that Theorem 1 contains the result of Amador

and Bagwell (2013) as a special case and generalizes it.”

6.3 The conditions for extreme delegation in MS

Melumad and Shibano (1991) solve for the optimal allocations in the case where the shocks are
uniformly distributed, the preferences are linear-quadratic, and the preferred actions are linear
functions of the shock. In our notation, this corresponds to F(y) = y € [0,1], b(n) = —”72 and
w(y, ) = b(r) + (ay + k), for some a, k € R. This impliesx = 1, 77(y) = y,and y; = —b"(m;) = 7;
for p; = 1.

When a > 2 and k € (1 — a,0), the optimal allocation does not correspond to an interval
allocation. Instead, it corresponds to a one-step allocation. In particular, the corresponding action
levels, m; and 75, lie outside the agent’s preferred action range, that is, 7; < 0 and 7, > 1. We refer
to this case as an extreme one-step allocation. We can describe an extreme one-step allocation as
an escalators-and-stairs allocation with exactly two regions, {I,I>}, where p; = po =1, 11 < 0
and 7, > 1. Incentive compatibility requires a; = (71 + 73) /2. For comparison with Melumad and
Shibano (1991), let a; =0, a3 = 1,and a, = 7 € (0, 1).

We can now apply the relevant parts of Condition 3, which correspond to conditions (9) and

(11) for p; = 1 and conditions (9) and (10) for p, = 1. The equality conditions in (9) imply that:

%A similar approach can be used for the other two interval allocation cases (i.e., the allocation that corresponds
to just a lower bound on the action and the one that corresponds to both a cap and a floor).
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/ (af/ +k - 7T1)d)7 = /12(’1' - 77,'1) (24)
0
1

/ (ay + k — mp)dy = Aa(mmy — 1) (25)

Using the incentive-compatibility condition 7, = 27 — 1y, we can solve for 7, as a function of 7:

7r1:(a—2)1'2+2(1+k)r—k—g (26)

Next, conditions (11) and (10) require:

/ {lay +k —y] — Az} dy < 0fory € [0, 7].
Y

Y
/ {lay +k —y] — A2}dy > 0fory € [7,1].

We see that both inequalities are satisfied with equality at y = 7. Hence, we can sign the

derivative at 7 for each condition, and we get that:

—lar+k-71]+A2, >0
[at+k—-7] -2 >0

which implies that

Aa=(a-1Dr+k (27)

Substituting (26) and (27) into (24), it follows that 7 must solve the following polynomial

equation:
2(a-2)*° +3(a—2)(1+2k)7* + (4k(k +2) —2a(k — 1) —a®*)r —k(a+2k) =0  (28)

Conditions (26) and (28) correspond to the necessary conditions obtained in Melumad and
Shibano (1991) for the optimality of an extreme one-step allocation.

Finally, an incentive-compatible extreme one-step allocation that satisfies (26) and (28) exists
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ifand only ifa > 2 and k € (1—a, 0). By construction, this allocation is such that (9) is satisfied for
both pooling intervals with A, = (a — 1)7 + k. Moreover, it is easy to show that a > 2 implies that
the integral expressions in (11) and (10) are non-decreasing in y with the previous A,. Therefore,
any extreme one-step allocation that satisfies (26) and (28) also satisfies Condition 3. We thus
obtain Melumad and Shibano (1991)’s characterization of optimal extreme one-step delegation as

a special case of Theorem 1.

6.4 A hybrid example

In this section, we show how our theorem can be used to prove the optimality of a hybrid alloca-
tion that contains jumps as well as regions of flexibility. For this case, we maintain the distribution
from the previous example, that is, F(y) = y € [0, 1]. We also maintain the quadratic preferences
for the agent, and let b(r) = —7%/2. However, we generalize the planner’s preferences to be
w(y, ) = b(x) + h(y)z. In this case, h(y) represents the planner’s preferred action for a given y.
This specification lies within the family of cases considered in Alonso and Matouschek (2008).1°

For this example, we specialize the planner’s preferred choice to the following function (sym-
metric around 1/2):

0 for0§y<%—e,

h(y)=(y-3+€)5 forye[i-ei+e),

1 forJ+e<y<1,

for some value of € € (0,1/4).
We will look for conditions where the solution to the optimal delegation problem takes the
form of an exclusion region in the center of the type distribution. Anticipating symmetry, the

proposed allocation takes the form:

Y for0 <y<a

. as fora, <y <1/2
A(ylaz) = (29)
l-ay for1/2<y<1l-a

Y fori-a;<y<1

for some value of a; € (0,1/2 — €). Note that the above allocation is incentive compatible, as it

% Alonso and Matouschek (2008) in Result 6 Section 7 (and their Figure 8) present a very similar example to the
one in this section, but where the principal’s preferences are linearly increasing over the full support (rather than
constant at the extremes as in ours). We choose a different example because it highlights how our methods can be
used in non-linear settings. In addition, as we discuss at the end of this subsection, our example can be extended to
one where the optimal allocation features a countable number of jumps.
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Figure 2: The (symmetric) hybrid example.

is symmetric around the agent’s preferred action at the jump at 1/2. We can plug this allocation
into the planner’s objective and optimize for a,. Solving the resulting first-order condition, we

obtain that:

a;:i(l—\/l—%)

which is indeed in (0,1/2 — €).

The proposed allocation is 7*(y) = #(y|a}) for all y € T. Its associated interval partition is
composed of four intervals with boundaries given by a; = 0,a, = 71;(1 - m), as = 1/2,a4 =
1-az,as = 1; withp; =0,p; = 1, p3 = 1, py = 0. In addition, 7, = a; and 73 = a4, while y, = a; and
¥3 = a4. Figure 2 displays the proposed allocation, together with the agent’s and the principal’s
preferred choices.

To use Theorem 1, first note that in this case,'!
k(y) =1, and G(y) = F(y) =y.
For Condition 3 part (c1), note that
G(y) = wa(y, tr (V) f (y) = 2y = h(y)

which, given h, is non-decreasing for y € [0, a;] and for y € [ay, 1] as required.

Moving towards part (c2) of Condition 3, consider first the region with p, = 1. Equation (9)

Note that this holds whether we allow for money burning or not.
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becomes

l/3“%@£ﬁf@ﬂf=ﬂﬂ%—Yﬁ+iﬂn—aﬁ

Using that w,(y, m2) = —az + h(y), as = 1/2, and y, = a,, we get

1/2
/,(ﬂh+MﬂM?=MUﬂ—aﬂ

az

Using the value of a; and h, the integral can be shown to be zero; and thus, given that a; < 1/2,
we have that 13 = 0.

Given that [ay, y2) is empty, inequality (10) does not apply. In this case, inequality (11) requires
that

1/2
/.(ﬂh+MﬁM?SW—aﬂUN—w
Y

for all y € (ay, 1/2]. Computing the integral for y € (a,, 1/2 — €], the inequality becomes:
4% + € < 2y,

which holds for y € [a,, 1/2—¢€] asrequired. Computing the integral but now for y € (1/2—¢,1/2],

we obtain that ,
G-Pa-d9
16¢e

which holds. Note that the inequality (12) does not apply as y; = a.

b

A symmetric argument shows that A4 = 0 and that part (c2) holds for p; = 1.

The final conditions (c3) and (c4) hold as w,(y, 77(y)) = 0 for y € {0,1}.

Taken together, all of the above imply that we can apply Theorem 1 to show that the proposed
allocation solves the delegation problem.

An interesting feature of this case is that it can easily be extended to study the optimality of
an allocation with multiple jumps. For example, suppose that the support is now [0, 2]. Suppose
that the agent’s preferences remain linear in y. The preferred choice of the principal is now given
by h.(y) where h.(y) = h(y) for y € [0,1] and h.(y) = h(y — 1) + 1 for y € [1,2]. Basically,
we have “expanded” the principal preferences by repeating the same pattern of [0, 1] over [1, 2]
but shifted up so that the principal’s preferred choice remains continuous. Consider then the
similarly “shifted and expanded” proposed allocation 7 (y) where 7 (y) = #*(y) for y € [0, 1]
and 7} (y) = n*(y — 1) + 1 for y € [1,2]. This proposed allocation features two jumps (one at
1/2 as before and another at 3/2). We can replicate the steps above for each subinterval [0, 1]
and [1, 2] and use Theorem 3 to prove the optimality of the proposed allocation. In this fashion,

we can continue to expand the preferences and the preferred allocation, and thus incorporate
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arbitrarily many jumps into the analysis.

6.5 The hybrid example outside the linear family

We now consider an extension of the hybrid example, where the principal’s payoff is given by
w(m,y) = A(y)(b(r) + h(y)x), where b and h are as defined in Section 6.4. This example falls
outside the linear family in (15) by allowing the relative risk aversion between the principal and

the agent to depend on the state. In particular, the relative risk aversion is given by:

_ War(m,y)

Al = ban(m,y)

Note that if A(y) is constant and equal to 1, we recover the example from the previous section.
The goal of this extension is to demonstrate that our conditions readily extend beyond the

family in (15). For this example, we consider the following symmetric expression for A(y).

9(y). fory € [0, a]
Aly) =11, fory € [a,1 - «]

g(1-y), forye[l-a,1]

for some continuous and differentiable function g(y) > 0 with g(a) = 1, and for & < a} =

1(1-V1-4e).

No money burning. We are now ready to check Condition 3 in the case without money burn-
ing. First note that k(y) = A(y). Note also that G(a) — G(b) = a — b for any a,b € [ay, a4]. Thus
part (c2) of Condition 3 holds just as before. Now part (c1) requires that

Y
/ AT +AQy)y

0

be non-decreasing for y € [0, ay]. This is satisfied for y € [a, az]. So it suffices that g satisfies:

29(y) +g' (y)y 2 0; fory € [0, a]. (30)

Symmetry implies that (c1) also holds for y € [aq4, 1]. The other conditions of Theorem 1 continue

to hold as before, and thus the proposed allocation remains optimal as long as (30) holds.
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Money burning. The case with money burning is similar, but now x(y) = min{A(y), 1}. We

then require that
Y
/ min{g(y), 1}dy + g(y)y
0

be non-decreasing for y € [0, @]. Two simple cases where this holds are when (i) g(y) > 1 and

(1+g(y))y is non-decreasing, or (ii) g(y) < 1 and (30) holds.

This example illustrates the more general principle that our framework is robust to certain
variations in the principal’s risk preferences. Specifically, modifying the principal’s risk aversion
in separating regions of an optimal allocation does not alter the optimality of that allocation, as
long as the monotonicity condition in (c1) is maintained with or without the presence of money
burning. This robustness highlights the flexibility and applicability of Condition 3, extending its
relevance beyond the family of preferences described by (15).

7 Conclusion

We have provided a sufficient theorem for solving the delegation problem. Its conditions map to
known results for interval allocations, while crucially extending them to the cases of discontin-
uous allocations. We have also provided examples that illustrate the versatility of our approach,

both supporting existing understanding and shedding light on new optimal scenarios.
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A Necessary conditions for Optimal Delegation
First, we show that Condition 3 requires that

Wmt(ai+ls 7T)

b/’ (7[)
V€ [m,mi] and T}, Tiyg st p; = pir = 1.

= k(ai1)

To see this, let T}, [;4; be such that p; = p;1; = 1. This implies y; < aj4+1 < yiy1. The inequality
conditions in (11) for I} and (10) for I}y imply:

/ B [wr (7, ) f(7) = Al dy < (v = ) [G(air1) = G(y)] fory € Ii N (yi, aina ]
Y

Y
/ [We (¥, mis) f (V) = Airal dY = (v = vir1) [G(y) = G(ai11)] for y € Tipq N [@ir1, Yien)-

ai+1

Both inequalities are satisfied with equality at y = a;,;. Hence, we can sign the derivative at

aiy1 for each condition , and we get that:

— Wr(ais1, 1) f(@ir1) + Ay 2 —(air1 — yi)x(air1) f (air1)

Wy (i1, Tiv1) f(@iv1) — Aiv1 = (@is1 — Yir1)K(@ir1) f(@iz1)

And rearranging,

Wr(@iv1, ) f(air1) — (air1 = Yi)k(aiv1) f(@ir1) < A
< Wr(@ir1, miv1) f(@ir1) = (@ir1 = Yir)x(aiv) f(air1)  (31)

Next, let us define the function
m(7) = Wr(ais1, 1) — (@i + 0" (1)K (@is1).

Differentiating m(.), we can show that m(.) is non-increasing:

m’ () = b" () %i;)’ﬂ) —k(ai1)| <0 (32)

where the inequality follows from b” () < 0 and k(a;41) < % for all 7. Therefore, m(m;) >
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m(7iy1). Thus condition (31) can be written as

m(m;) f(aiv1) < Aig1 < m(mipq) f(ais1)

using that b’(r;) = —y; and b’'(m;41) = —yi+1. Thus, condition (31) requires that m(m;) = m(m41)
given that f(a;y;) > 0. Since m(.) is non-increasing, this is equivalent to m(x) constant for

7 € [m;, miy1]. It then follows that for Condition 3 to hold, it is required that

er(ai+h 77—')

" (0) = k(ajy1) for all € [m;, miy1].

Now, we can show that Condition 3 implies part (ii) of Condition 2. To see this, note that from
the above, Condition 3 implies that 1,41 = m(x) f(a;+1) for every m € [, 7i41]. Integrating both

sides yields:
Ay (i1 — ) = (/4”1'“ m(ﬂ))f(aiﬂ) (33)

It suffices to show that f” #i+1 m(r) = w(ajs1, Tiv1) — W(ai1, ;). Integrating m(.) over the interval

[7;, mi41] yields:
/ m(r) = w(ais1, Tiv1) — W(@ir1, ) — K(@i41) (@ir1 (i1 — ) + b(mis1) — b(m;)) (34)

Incentive compatibility requires that a;417;41 + b(7i41) = a1t + b(r;). Therefore, the second

term in the right hand side of the equation above is zero, which concludes the proof.

B Proofs

B.1 Auxiliary lemma

The next lemma shows that two incentive-compatible escalators-and-stairs allocations that sep-

arate and pool in the same subsets and assign the same action to the lowest type are the same:

Lemma 2. Let r be an incentive-compatible escalators-and-stairs allocation with associated
partition {I, Ty, ..., T, }. Let 7t be another incentive-compatible escalators-and-stairs alloca-
tion with the same associated partition and that separates and pools in the same intervals as

7. If T separates in at least one subset Iy, then ;t = 7. Otherwise, if (y) = 7(y), then = 7.
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Proof. Suppose that there exists i such that for all y € T}, m(y) = s (y). Then n(y) = 7 (y)
for all y € I' for any adjacent subset I'” to I}. To see this note first that if I separates, then
x(y) = #(y) = nf(y) for all y € I”. If I pools and I} also pools, then Condition 1 part (i)
uniquely determines the pooling action at I". Finally, if T} separates and I'" pools, then Condition
1 part (ii) uniquely determines the pooling action at I'". By induction, we can then show that if
there exists i such that for all y € T}, m(y) = 7 (y), then 7 = 7.

Now, to prove the lemma, if there is a subset where 7 separates, by construction, both allo-
cations prescribe the same action in that subset and thus = = 7. If there is no subset where 7

separates, it suffices that the prescribed actions for the lowest type are equal in both allocations.

B.2 Proof of Proposition 1

Proof. Using that t(y) = 0 for all y € T, from Milgrom and Segal (2002), we have that incentive

compatibility is equivalent to monotonicity of the allocation and the following integral condition:
)/ ~ ~
)+ b)) = [ 77+ () + b (o)
Yo

for all y € T" and any baseline y, € T..

Consider first the necessity of conditions (i) and (ii) in Condition 1.
Necessity of condition (i). Consider y, € I; and y’ € I};;. Then incentive compatibility requires
that 711 > m;. Given that we impose that no two adjacent intervals pool at the same action, it

follows that ;.1 > ;. The integral form of the incentive constraint then requires

Y Y
Y i1 + b(misq) = / midy + / T dy + Yo + b(m;),
Yo Y
for y = a;41; which delivers
YTiv1 + b( 1) = ymi + b(m).

Necessity of condition (ii). Without loss of generality assume that I} separates, and I};; pools

at x. Let yp € I; and y’ € I}41. Then

14 Y
Y'x+b(x) = / 7 (p)dy + / xdj + yorr! (yo) + b(7! (y0)),
Yo Y

for y = aj;1. Taking the limit of the above as yy — y, and using the continuity of the flexible
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allocation function 7/, we have

’

Y

Y'x+b(x)= / xdj +yr! (y) + b(7! (),
Y

which implies yx + b(x) = yzf (y) + b(nf (y)). Uniqueness of the flexible allocation implies that

x =71l (y).

Sufficiency. Note that an allocation that satisfies conditions (i) and (ii) is monotone. Given that
in the areas where the allocation separates, the flexible allocation is offered to the corresponding
types, the only concern for incentive compatibility arises for types in pooling regions.

Consider a type y in a region I that pools at x°. Let y = sup [; = a;;1. Define x” to be either

x =x°=nf (y) if T}4; separates or x” # x° and given by:
7x +b(x") = yx° + b(x°),

if T}41 pools at x’. Note that in this latter case, x” > el (y) > x°.

Type y then either prefers the choice of x° to any alternative (because it is its flexible choice) or
is indifferent between x° and a higher alternative x’. Given that for any type y’ > y we have that
7(y’) > x’ (by monotonicity), it follows that type y must prefer x° to any other action prescribed
to any higher type. A similar argument shows that y also prefers its prescribe action to that of

any lower type.

B.3 Proof of Lemma 1

Proof. Given p = {p;}! | € Py, let {a¥, 7]'}! | be a solution to Problem 1. Define € to be such that

0<e< min {a,—a'}

ie{1,...,n}
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Such a value € exists given that {a}, 77}, satisfies (??) given p. Now, consider the following

version of Problem 1:

{ma}xz (o [ e = [ sy (59)
subject to:
ais1 7 + b(m;) = a1 mir + b(miny), if pi = pis1 = 1
mi = ¢ (aisn), if p; = 1, piv1 = 0;
7r(@iv1) = i1, if p; =0,piv1 = 1;
iyl = i, @ip1 > a;+ €, € Ila; € T,Vi e {1,...,n}.

where we have replaced the constraint a;4; > a; with the stricter (but closed) constraint a;y; >
a; + €. If {a, 7}, solves Problem 1, then it must also solve this new Problem 35 as every
allocation in the constraint set of Problem 35 is also in 1. We will use this new problem to derive

necessary conditions.

Let i be such that p; = 1. We consider the following cases.

First, consider the case that p;y; = 0 for i < n — 1. From the constraints, we then have that
n* = mr(a},,). Moreover, note that, if i > 2, then p; 1 = 1 (as p € P,). Setting )" = n¢(al,,) in the
constraint corresponding to p;_; = p; = 1 yields that a¥z* | + b(n},) = afwr(a},,) + b(nr(al,,)).
Let A; be the Lagrange multiplier associated with this constraint (if i = 1, then simply set A; = 0).
Moreover, we plug 7 = m¢(aj,,) into the objective function. Note that a},; shows up in the
expression for the objective function only in the following term:

*
a

/ gl f()dy + / Wl () )y

*
i+1

The FOC with respect to a;4; then yields the condition:

(/* ey, Nf(ah))f(}’)dy) np(afy) = =Ai [af + ' (np(ay) | np(afy)

i

*

Using that z¢(a}, ) = 7}, 71'}((1;_1) > 0 and b'(7p(ak,)) = —aj,,, gives us:
i
[ wntvemt oy = =atat - at) (36)
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Finally, from the definition of y;, it follows that y; = a;4;. We can thus write the above equality

as:

*

4
[ ety a0y = dos(at =) = Atat =0

for an arbitrary A;41 (as y; = a;'jrl, the value of A;4; is irrelevant). This implies that condition (i) is
necessary.

For p;_; = 0 and i > 2 a similar argument delivers the proof for the necessity of condition (i),
so we omit it.

Next, assume that p; = 1 and there is no adjacent separating interval. Then it must be that
pi-1 = 1fori > 2 and p;4; = 1 fori < n— 1. From the constraints, we then have that afiri*_l +

b(r},) =a’n +b(x}) fori > 2 and aX, 7w + b(x)) = a¥, 7, + b(n},) fori < n—1.Let A; be

the Lagrange multiplier associated with the first constraint (setting A; = 0 if i = 1) and 1,41 be the
Lagrange multiplier associated with the second constraint (setting A,,; = 0if i = n). Note that 7
shows up in both constraints, while a},, appers in the latter. Moreover, 7* and aj,, also appear

in the following terms in the objective function:

iy L
[ wonrmdr+ [ woasoroay
4; i1

Taking the FOC with respect to 7" yields the following condition:

[ w0y = Dt 4V (1) = et + ') (57)
Using that y; = —b’(x)) implies that (i) is necessary. Taking the FOC with respect to a7}, yields:
(W(ajy ) = wlaiyp, 7)) f (@) = A (] = 1) (38)

This shows that (ii) is necessary, which concludes the proof. O

B.4 Proof of Theorem 1

Proof. We prove each part of the theorem separately. For both cases, let 7% : ' — II denote
the proposed optimal allocation with interval partition {I',I5,...,I,,} such that Condition 3 is
satisfied.
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Part (a)

Consider the problem without money-burning, i.e. Problem 1 with constraint (2). By writing the
incentive constraints in their usual integral form plus a monotonicity restriction, we can rewrite

the problem as:

max /r w(y, e())f(y)dy  subject to: (39)
Y

yr(y) + b(x(y)) = / 2(7)dj+U VyeT (40)
Y

7 non-decreasing (41)

where U = ZT[(Z) + b(n(x))

Rewriting the IC constraints. We first embed the monotonicity constraint (41) into the choice

set of 7. We then, write constraint (40) as two inequalities:

Y
/ 2 ()dj +U - ym(y) - b(x(y)) <0 VyeT (42)
Y

Y
- [ wpdz - U yr() +b(er) <0 Vyer (43)
Y

A Lagrangian. By assigning cumulative Lagrange multiplier functions A; and A; to constraints

(42) and (43), respectively, we can write the Lagrangian for the problem:

£(m| AuAy) = /r w(y, (1) f (1)dy

-

The Lagrange multipliers A; and A; are restricted to be non-decreasing functions. Let A(y) =

Y
/ m(y)dy +U —yn(y) = b(m(y)) | d (Ai(y) = Az(y)).-
Y

A1(y) — A2(y). Integrating by parts the Lagrangian, we get:

L(n|A) = /r [w(y, 2 F(y) = (AG) = A (y)]dy
+ [(rr) + b (rNAAD) - LAD - AW)

Our objective is to explicitly construct valid Lagrange multipliers, A;(y) and A, (y), such that

the resulting Lagrangian is concave in & when evaluated at the multiplier and the first-order

31



conditions are satisfied at the proposed allocation 7*. Amador and Bagwell (2013) show that,

under these conditions, sr* is optimal among all IC allocations.

A proposed multiplier. Let us propose some non-decreasing multipliers A; and A; so that

their difference, A, satisfies A(y) = A(y) = 0 and the following conditions for all y € (y,¥):

~wx (v, 1 (¥)) f(y) pi=0,y €Tl
Aly) =4 -4 +G(a;) — G(y) pi=1ly€la,y) NI
—Air1 +G(air1) = G(y) pi=Llye€ lyiair) N

Checking that the multipliers are non-decreasing. We now show that Condition 3 guar-
antees that G(y) + A(y) = R(y) is non-decreasing, which then implies that A(y) can be written
as the difference of two non decreasing functions, R(y) — G(y).

First, we show that G(y) + A(y) is non-decreasing in the interior of each interval I;. Take
i € {1,...,n}. If p; = 0, then this follows immediately from (c1) which states that G(y) —
wr (¥, 7r(y)) f (y) isnon decreasing for all y € T;. If p; = 1, we consider two cases. If a; < y; < a4y,
then G(y) + A(y) is piecewise constant with one jump at y;. Condition (12) from (c2) immediately
implies that the jump at y; is non-negative. Otherwise, G(y) + A(y) is constant for all y € I;.

n+1

Next, let us show that the jumps at {g;}!”|" are non-negative.

« Take i = 1. We consider the following two cases.

First, let p; = 0. Then it immediately follows from (c3) that the jump at a; = y:

—wr (v, 2 (V) f(y) = Aly)

is non-negative.

Next, consider the case where p; = 1.

— Ifa; < yj, then note that A; = 0 implies that A(y) is continuous at a; = y and therefore

there is no jump (hence, it is non-negative).

— If a; > yy, then suffices to show that G(a;) — A, > A(y) = 0. Evaluating (11) aty = a;
and using the equality condition (9) to replace the i;ltegral term, we have that (c2)
implies A;(a; — y1) + Ai(y1 — a1) < [a1 — y1]1G(az2). The inequality G(az) — Ay, > 0
then follows from the fact that A; = 0 and a; > y;, which shows that the jump at a; is

non-negative.
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— Finally, consider the case a; = y;. In this case, the equality condition (9) implies that
(11) holds with equality as y converges to a; from the right, i.e. y — aJ. Hence, we can
sign the derivative as y — a7, and we get that —w,(ay, 11) f(a1) + A2 < G(az). From
the definition of y;, we have that y; = a; implies m; = 77(a;). It then follows from
condition (c3) and a; = y that G(az) — A3 = —wz(y, 77(y))f(y) = 0, which concludes
the proof for i = 1. - -

« For i = n: a similar argument using (9) and (10) from (c2), (c4) and A,+; = 0 shows that the

jump at a,4; =Y is also non-negative.
« Finally, let 1 < i < n. We show that the jumps at a; and a;;; are non-negative.

— If p; = 0, then the jumps are:

—Ai-1 +G(ai-1) — G(a;) < —wy(ay, np(a;)) f(ai) (44)
—Aivz + G(air2) — G(air1) = —wr(air1, 7r(air1)) f(air1) (45)

Recall that p;_; = 1 and y;_; = a;. Consider condition (10) from (c2) for interval i — 1:
y ~ ~ ~
/ [We (¥, mi-1) f (V) = dimal dy = (v — @) [G(y) = G(ai-1)], v € [ai-1, @) (46)

It is immediate that the RHS converges to 0 as y — a;. From equation (9), this must
also be the case for the LHS. Hence, (10) holds with equality as y — a;. We can then
sign the derivative at y = a; which yields w, (a;, 7i-1) f (a;) — Ai—1 < G(a;) — G(aj-1).
Rearranging terms and using the fact that 7, = 7n¢(a;) yields —4;-1 + G(a;-1) —
G(a;) £ —wg(aj, wp(a;))f(a;), which shows that the first jump is non-negative. A
similar argument using (9) and (11) for interval i + 1 shows that the the second jump

is also non-negative.

— Now, consider p; = 1. If p;1; = 0, then by our previous argument, the jump at a;; is
non-negative. If p;;; = 1, then note that A(y) is continuous at a;;; and therefore there

is no jump (hence, it is non-negative). The same arguments hold for the jump at a;.
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Concavity of the Lagrangian. Following Amador and Bagwell (2013), we can write the La-

grangian as:

Lz |A)= /F[W(y,ﬂ(y)) k() (ym(y) + b(zm(y)]f(y)dy
+ / AW x()dy + / (y(y) + b(r(y))d(G(Y) + AY)
T T

By the definition of k(y) in equation (6), we see that w(y, 7 (y)) — k(y)b(7(y)) is concave
in 7 (y); further, we just showed that Condition 3 implies that G(y) + A(y) is non-decreasing.

Hence, the above Lagrangian is concave at the proposed multiplier.

Maximizing the Lagrangian. We now proceed to show that the proposed allocation 7" max-
imizes the Lagrangian.
For our problem, taking the Gateaux differential in direction x € ® and using that b’ (mr(y)) =
—y and b’ (;) = —y; we get that:
oL(7"|A) =

[ s e s +amlstdr+ Y [ = nlxtaaem)

T i
{ilp=1} ¢

which can be rewritten as:

OL(*|A) =

Z { / | [wr (v, m1) f(y) + A(y)] x(y)dy + / [y - vil x(y)dA(y)} (47)

{ilp=1) "

Let us work with each interval separately. Integrating by parts over I; yields:

i+l Ai+1 Y
[ bt s | st =[] [ e G £+ a1 a7 a4

a;

ai+1 iyl Y
[/ [y—yi]d/\(y)]x(am)—/ [/ [?—yi]dA(f/)] dx(y)

We require that the sum over the terms above be nonpositive for all nondecreasing x and zero

when evaluated at x = *. Note that for y € I} such that p; = 1, if x = 7", then dx(y) = 0. So we
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need that:

Y Y
[ o o) £+ a1+ [ 17 - vldaG) > o (49)

ai

VI st p; = 1,Vy € I}, with equality for y = a;1.

We can simplify this optimality condition by integrating by parts the second term. We can then

state it in the following way,

Y
/ we (7.10) ()7 = ~A()(y - v2) + Alas) (ai - ) (49)

ai

VI st p; = 1,Vy € I}, with equality for y = a;y4.

First, we show that the equality constraint corresponds to the equality condition in (9). It
suffices to show that A(a;) = —A; if y; # a; and A(aj41) = —Aip1 if yi # a1 Ifi = 1, then
A(a;) =0=-A;. Ifi > 1, then g; < y;.'* This, in turn, implies that A(a;) = —A;. Likewise, if i = n,
then A(au+1) = 0 = —A,41. Otherwise, y; < a;41, which then implies that A(a;41) = —Ais1.

Moreover, consider (49) for the case where y € [a;, y;) NI;. Replacing the expression for A(y)
yields:

Y
/ we (7o) F(PAf 2 —(=21 +Gar) = GO (1 = y1) — As(ar — ) (50)

ai

We can then rewrite the above expression to get:

Y
/ [we (72 70) £(7) = 4147 = (v - 1) [G(y) - Gla)] (51)

ai

which corresponds to the inequality condition in (10).
Finally, consider (49) for the case where y € [y, ai+1) N I;. We can use (9) to rewrite the

inequality as:

/ " wn (o) T — A (@ — y) < AN — 1) — (Aa) + )@ —y)  (52)
Y

Note that the last term in the RHS is zero since A(a;) = —A; if a; # y;. We can once again

12Recall that y; = —b’(m;). Hence, a; > y;, implies that 7/ (a;) > ;. Incentive compatibility then implies that
i = 1. A similar argument shows that a;;; < y; can only occur if i = n.
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replace the expression for A(y) to get:

/ " wr (¥, m) f(P)dy — Air1(ai1 — vi) < (=Ais1 +G(ai) —G(y)(y — i) (53)
Y

We can then rewrite the above expression to get:

/ " lwe (o) ) = Al df < (1 - v0) [Glain) - G, (54)
Y

which corresponds to the inequality condition in (11). O

Part (b)

Consider the problem with money-burning. Using the integral form for the incentive constraints,

Problem 1 becomes:

max / [w(y, (1)) — H(P)]f(7)dy  subject to: (55)
{mt} Jr
Y
yae(y) + b(m(y)) — t(y) = / 2(7)dj+U VyeT (56)
)4
7 non-decreasing (57)
t(y) >0 VyeT (58)

where U = X”(X) + b(at()_/)) - t(x).

Rewriting the IC and no-money burning constraints. Solving the integral equation for the
money-burning term #(y) and substituting it into the objective function and the non-negativity

constraint, yields the following equivalent problem:

r T [N QA+ U sibiectior(59)
Y

prn +bx(n) - [ Ay -U >0 (60)
14

7 non-decreasing (61)
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where we define o(y, #(y)) = w(y, (y)) — ym(y) — b(;(y)). Note that the money burning term

t(y) can be recovered once we solve for 7 (y) and t(y) via:

Y
Hy) = yr(y) + b((y)) - / 2(7)dj - U (62)
Y

A Lagrangian. By assigning a cumulative Lagrange multiplier function A to constraint (60) we

can write the Lagrangian for the problem as:

L (n,t(g) | f\) E/rv(y,n(y))f(y) + (1= F(y)=(y))dy +U

dA(y).

Y
_/(/ x(y)dy +U —yn(y) = b(x(y))
r\Jy

It is required that the Lagrange multiplier A be nondecreasing,

Integrating by parts the Lagrangian and setting A(7) = 1 without loss of generality, we get:

L{mt(|A)= /r [o(y, () (1) + (Ay) = F() () ldy

+ [t +bOe(rdAG) + UA(Y)
T

A proposed multiplier. Our proposed multiplier in this case is A(y) = A(y) + F(y), where
A(y) is such that A(y) = A(y) = 0 and:

—wr(y, mr () f(y) pi=0yel;
A(Y) = —/11' + G(ai) - G(Y) pPi = 1, Y (S [a,-, }/l) N I}
—Ais1 +G(air1) = G(y) pi=Lye€ lyiair) NT;

Checking the multiplier is non-decreasing. Note that A(y) is the proposed multiplier for
Part (a). Let us show that Condition 3 guarantees that A(y) is non-decreasing. We write the
multiplier as /N\(y) = (A(y) + G(y)) + (F(y) — G(y)). We showed in Part (a) that Condition
3 implies A(y) + G(y) non-decreasing for any given k(y). Therefore, it suffices to show that
F(y) — G(y) is non-decreasing with k(y) given by (7). From the definition of F and G, we can

write the difference as:

Y
/ (1 - k(P F D) (63)
Y

37



Since k(y) < 1 for every y € T, it follows that F(y) — G(y) is non-decreasing in y.

Concavity of the Lagrangian. Let us check that the Lagrangian is concave in the allocation

at the proposed multiplier. We can rewrite the Lagrangian as:

L(mt(y) | A) = /F[W(y,n(y)) — k() (ym(y) + b(m(Y)1f ()dy
+/(f\(y) — F(y))n(y)dy + /(Yﬂ(}’) +b(7(y)))d(G(y) = F(y) + A(y))
T T

where we have used the fact that A(y) = 0, which follows from A(y) = 0. The term w(y, 7(y)) —
k(y)b(m(y)) is concave given the definition of x(y). Finally, note that G(y) — F(y) + A(y) =
A(y) + G(y), which is non-decreasing given Condition 3. This is needed in the second integral to

guarantee that the concavity of b is not reversed.

Maximizing the Lagrangian. That the Lagrangian is maximized at the proposed allocation is
similar to the argument used in our proof for Part (a) of Theorem 1 (the no money burning case).
To see this, first note that #(y) does not appear in the Lagrangian, given the proposed Lagrange
multiplier. This implies that we can restrict attention to maximizing the Lagrangian over just

7(y) . Moreover, using the fact that A(y) = A(y) — F(y), we can rewrite the Lagrangian as:

L(mt(y) | A) = /F[W(y,ﬂ(y)) — k() (ym(y) + b(m()1f ()dy
+ / A r(y)dy + / (y(y) + b(r(y)d(G(1) + AY)
T T

which is equivalent to the Lagrangian in the proof of Part (a) of Theorem 1 with x given by (7),
and where A is the Lagrange multiplier as defined in that section. The same argument used there
shows that, given Condition 3, which are written in terms of k given by (7), the Lagrangian is

maximized at the proposed allocation *. O

38



	Introduction
	Model
	Escalators and stairs
	Optimality within escalators-and-stairs
	Sufficient conditions for optimality
	Discussion of results
	Necessary conditions for optimal delegation
	The conditions for interval delegation in AB
	The conditions for extreme delegation in MS
	A hybrid example
	The hybrid example outside the linear family

	Conclusion
	Necessary conditions for Optimal Delegation
	Proofs
	Auxiliary lemma
	Proof of Proposition 1
	Proof of Lemma 1
	Proof of Theorem 1


